Anomalous dimension of subleading-power ${N}$-jet operators II by Beneke, Martin et al.
TUM-HEP-1155/18
August 14, 2018
Anomalous dimension of subleading-power
N -jet operators II
Martin Beneke, Mathias Garny, Robert Szafron, Jian Wang
Physik Department T31,
James-Franck-Straße 1, Technische Universita¨t Mu¨nchen,
D–85748 Garching, Germany
Abstract
We continue the investigation of the anomalous dimension of subleading-power
N -jet operators. In this paper, we focus on the operators with fermion number
one in each collinear direction, corresponding to quark (antiquark) initiated jets
in QCD. We investigate the renormalization effects induced by the soft loop and
compute the one-loop mixing of time-ordered products involving power-suppressed
SCET Lagrangian insertions into N -jet currents through soft loops. We discuss
fermion number conservation in collinear directions and provide explicit results
for the collinear anomalous dimension matrix of the currents. The Feynman rules
for the power-suppressed SCET interactions in the position-space formalism are
collected in an appendix.
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1 Introduction
The analysis of infrared (IR) divergences in QCD and gauge theories in general has
always been a fertile field for exposing the universal structure of high-energy scattering
amplitudes and performing all-order resummations of the perturbative expansion in the
gauge coupling. What is commonly called the soft anomalous dimension of an amplitude
of N widely separated energetic particles refers in the framework of soft-collinear effective
theory (SCET) to the simplest N -jet operator, where every jet is sourced by a single
collinear gauge-invariant quark or gluon field [1, 2]. The increasing sophistication of
multi-loop calculations and the corresponding advance in precision has also triggered
recent interest in subleading-power effects in the expansion in the scale 1/Q of the hard
scattering [3–13]. In a recent paper [14,15] we began the systematic investigation of the
one-loop anomalous dimension matrix of these subleading power operators. Previous
relevant work on anomalous dimensions of power-suppressed operators has been done in
the context of heavy-quark decay [16,17] and for thrust [18,19]. All-order resummations
of subleading-power logarithms can be found in Refs. [16, 17, 20–22] covering cases with
one or two collinear directions at the leading logarithmic order (next-to-leading for heavy
quark decay to one jet). The purpose of our investigation is the complete analysis of one-
loop infrared divergences of an arbitrary subleading-power N -jet operator. This provides
one of the ingredients in resumming or generating at fixed order subleading-power next-
to-leading order logarithms for amplitudes with any number of collinear directions or
jets.
In the present paper, which follows upon Ref. [14], we extend the calculation of the
one-loop anomalous dimension matrix from the case |F | = 2 to those with odd F , where
F refers to the fermion number of the product of collinear fields in a given collinear
direction. This contains as its simplest realizations the quark-antiquark initiated two-
jet operators relevant to the subleading-power resummation of thrust and other event
shape variables in e+e− annihilation, and the threshold resummation of Drell-Yan type
processes in hadron-hadron collisions. In addition to the collinear renormalization kernels
for the odd-fermion number operators in a collinear sector, we discuss and calculate for
the first time the subleading-power soft contributions to the anomalous dimension matrix,
which did not appear for the |F | = 2 operators. This involves a new contribution, which
is not of the eikonal type, and arises instead from the mixing of power-suppressed soft-
collinear interactions in the SCET Lagrangian into power-suppressed N -jet operators
with additional transverse derivatives or collinear fields. The anomalous dimensions
discussed here can be used to sum subleading-power logarithms due to the evolution
of the hard functions multiplying an N -jet operator. Physical observables in general
contain further logarithms from the evolution of soft or jet functions already at the
leading-logarithmic order (see the example of the thrust distribution [22]). The soft
and collinear kernels in the present paper contribute to the next-to-leading logarithmic
resummation, which yet has to be completed for an observable.
The outline of the paper is as follows. In Sec. 2 we set up notation and conventions,
and discuss the form of the one-loop anomalous dimension matrix with respect to current
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and time-ordered product operators, and its collinear and soft one-loop contributions.
The bulk of the paper is devoted to the calculation of the soft mixing contribution in
Sec. 3, and the collinear kernels in Sec. 4. We summarize in Sec. 5. Translation rules
from positive to negative F , master integrals, and some auxiliary expressions for collinear
kernels are collected in Appendices. We particularly note App. A, which gives a complete
list of SCET Feynman rules in the position-space formalism [23, 24] up to the second
order in power-suppressed interactions and up to four-point vertices.
2 Set-up of notation and conventions
To make the paper self-contained we first review some notation from Ref. [14] and then
discuss the structure of the N -jet operator basis and the anomalous dimension matrix
relevant to the present work.
2.1 Operator basis
We consider N copies of the collinear SCET Lagrangian Li [24], i = 1, . . . , N , furnished
with corresponding collinear fields ψi, as well as one set of soft fields ψs that interact
with all collinear fields and with themselves according to the soft Lagrangian Ls, in total
LSCET =
N∑
i=1
Li(ψi, ψs) + Ls(ψs) . (2.1)
The collinear fields are characterized by N pairs of light-like reference vectors ni± with
ni− ·ni+ = 2, ni− ·nj− = O(1), defining N widely separated directions. We are interested
in current operators of the form
J =
∫
dtC({tik}) Js(0)
N∏
i=1
Ji(ti1 , ti2 , . . . ) , (2.2)
characterized by one soft and N collinear contributions with certain transformation prop-
erties under soft- and collinear gauge transformations [14]. The collinear contributions
are composed of ni collinear building blocks ψik ,
Ji(ti1 , ti2 , . . . ) =
ni∏
k=1
ψik(tikni+) , (2.3)
that are offset along direction ni+ by an amount tik from the origin, which is chosen
to be at the position of a hard interaction generating the N -jet current. Furthermore,
dt =
∏
ik dtik and C({tik}) denotes a Wilson coefficient.
Up to O(λ2), the soft building block Js(0) ≡ 1 is trivial, and soft fields do not enter
via Ji as well [14, 15] . Therefore, the most general current basis contains only collinear
fields at this order. The complete operator basis can be constructed from the elementary
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collinear building blocks χi = W
†
i ξi, its conjugate χ¯i, and Aµ⊥i = W †i [iDµ⊥iWi], as well
as currents obtained by acting with one or several derivatives i∂ν⊥i on the elementary
building blocks [14]. Here ξi is the collinear quark field, and Wi a collinear Wilson
line. At the leading power only a single building block in each direction contributes (i.e.
ni = 1 for i = 1, . . . , N) and no extra derivatives appear. Each additional building block
or extra derivative supplies a relative power suppression of order λ.
Every collinear factor Ji in the current operator J can be characterized by its fermion
number Fi, equal to the difference of the number of χi and χ¯i building blocks.
1 In the
present paper we consider the case of collinear directions with odd fermion number,
which implies |Fi| = 1, 3 at O(λ2). In the following, we write down explicitly the basis
of operators for Fi = 1. The leading power operator is J
A0
χα (ti1) = χiα(ti1ni+), where we
indicate the open Dirac index α. At O(λ) there are two operators,
JA1∂µχα(ti1) = i∂
µ
⊥iχiα(ti1ni+) ,
JB1Aµχα(ti1 , ti2) = Aµ⊥i(ti1ni+)χiα(ti2ni+) . (2.4)
At O(λ2) there are further possibilities,
JA2∂µ∂νχα(ti1) = i∂
µ
⊥ii∂
ν
⊥iχiα(ti1ni+) ,
JB2Aµ∂νχα(ti1 , ti2) = Aµ⊥i(ti1ni+)i∂ν⊥iχiα(ti2ni+) ,
JB2∂µ(Aνχα)(ti1 , ti2) = i∂
µ
⊥i (Aν⊥i(ti1ni+)χiα(ti2ni+)) ,
JC2AµAνχα(ti1 , ti2 , ti3) = Aµ⊥i(ti1ni+)Aν⊥i(ti2ni+)χiα(ti3ni+) ,
JC2χαχ¯βχγ (ti1 , ti2 , ti3) = χiα(ti1ni+)χ¯iβ(ti2ni+)χiγ(ti3ni+) . (2.5)
The superscript denotes the number of building blocks (A,B,C for one, two and three,
respectively) and the power suppression relative to A0.
When expanding in powers of λ, time-ordered products of currents Ji with subleading-
power O(λn) Lagrangian insertions L(n)iV need to be considered (n > 0). In contrast to
the current operators above, these insertions contain the soft field explicitly. For each
collinear sector we discriminate interactions involving only collinear quarks, both soft
and collinear quarks, or no quarks, denoted by V = ξ, ξq,YM, respectively. Soft and
collinear gluons may be contained in all three contributions. The Lagrangians L(n)iV are
given in Ref. [24] for n = 1, 2, see also App. A. Consequently, for Fi = 1 the basis needs
to be complemented by the time-ordered product operators
JT1χ,V (ti1) = i
∫
d4xT
{
JA0χ (ti1),L(1)iV (x)
}
, (2.6)
at O(λ), and
JT2χ,V (ti1) = i
∫
d4xT
{
JA0χ (ti1),L(2)iV (x)
}
,
1As we will see, Fi is conserved under operator mixing up to O(λ2) in the absence of a mass term
for the quark field.
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JT2∂χ,V (ti1) = i
∫
d4xT
{
JA1∂χ (ti1),L(1)iV (x)
}
,
JT2Aχ,V (ti1 , ti2) = i
∫
d4xT
{
JB1Aχ(ti1 , ti2),L(1)iV (x)
}
,
JT2χ,V W (ti1) =
i2
2
∫
d4x
∫
d4y T
{
JA0χ (ti1),L(1)iV (x),L(1)iW (y)
}
, (2.7)
at O(λ2), where V,W ∈ {ξ, ξq,YM}. The open Dirac and Lorentz indices of the currents
are left implicit here.
In momentum space associated with the collinear direction ni+, the basis operators
Ji depend on the total collinear momentum Pi > 0 and ni momentum fractions xik
that satisfy
∑ni
k=1 xik = 1. Therefore, J
An
i , J
Bn
i (xi1) and J
Cn
i (xi1 , xi2) can be described
by zero, one and two independent momentum fractions, respectively. Similarly, the
time-ordered product JT2Aχ,V (ti1 , ti2) depends on one momentum fraction inherited from
JB1Aχ(ti1 , ti2). In the following we write a generic N -jet operator in collinear momentum
space as
JP (x) =
N∏
i=1
Ji(xi1 , . . . ) (2.8)
where P collectively denotes the types of currents and/or time-ordered products in each
of the directions labeled by i,2 including Lorentz, Dirac and colour indices, and x = {xik}
stands for the corresponding momentum fractions. At O(λ) one collinear direction, say
i, may contain a current JA1i or J
B1
i , or a time-ordered product J
T1
i , while all other
directions j 6= i are described by leading-power operators JA0j . At O(λ2), either two
collinear directions, say i and j, contain a single power suppression, of the form JX1i J
Y 1
j
with X, Y ∈ {A,B, T}, or a single direction contains a O(λ2)-suppressed operator JX2i
with X ∈ {A,B,C, T}.
2.2 Anomalous dimension matrix
The anomalous dimension matrix in the MS scheme is defined by3
Γ = − d
d lnµ
Z Z−1 = Z
d
d lnµ
Z−1, (2.9)
with JP =
∑
Q ZPQJQ, which implies
d
d lnµ
JP = −
∑
Q
ΓPQJQ (2.10)
2Explicitly, for the leading power N -jet operators, P = (A0)1 . . . (A0)N with the additional specifi-
cation whether (A0)i refers to a quark, antiquark or gluon building block.
3We note a misprint in the corresponding Eq. (32) in the published version of Ref. [14]. The results
for the Z-factors and and anomalous dimension are not affected by this misprint.
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for the operators and
d
d lnµ
CP =
∑
Q
ΓQPCQ (2.11)
for their coefficient functions.
The renormalization matrix Z = 1 + δZ is determined, at the one-loop order, by the
condition
finite = 〈JP (x)〉1−loop (2.12)
+
∑
Q
∫
dy
[
δZPQ(x, y) + δPQδ(x− y)
(
1
2
∑
φ∈P
δZφ +
∑
g∈P
δZg
)]
〈JQ(y)〉tree ,
where δ(x − y) = ∏i∏nik=2 δ(xik − yik) and dy = ∏i∏n′ik=2 dyik denotes integration over
momentum fractions, with ni(n
′
i) being the number of collinear building blocks in di-
rection i contained in JP (JQ).
4 The sum over Q includes the time-ordered product
operators. We used the constraint
∑n′i
i=1 yik = 1 to eliminate one of the momentum frac-
tions (arbitrarily choosing the first one) and regard the appearing objects as functions
of the remaining momentum fractions. We employ the convention that empty products
are equal to unity to capture the case of A-type currents as well. Furthermore, δZφ and
δZg are the usual MS renormalization factors for all fields and couplings contributing to
JP , given by
1
2
δZχ = −αsCF
8pi
and
1
2
δZA + δZgs = −
αsCA
4pi
(2.13)
for the collinear quark and gluon building blocks, respectively. The one-loop renormal-
ization matrix can be split according to
δZPQ(x, y) =
N∑
i,j=1, i 6=j
δ(x− y)δZs,ijPQ(y) +
N∑
i=1
δ[i](x− y)δZc,iPQ(x, y) (2.14)
where δZc,iPQ contains the divergent parts of collinear loops as well as field- and coupling
renormalization in direction i, and δZs,ijPQ(y) the divergent parts of soft loops connecting
direction i and j. The dependence on momentum fractions follows in each case from the
structure of the one-loop amplitude for soft and collinear loops, and will be discussed
in more detail below. We define the Dirac delta-function with respect to direction i by
δ(i)(x − y) = ∏nik=2 δ(xik − yik), and with respect to all directions but i by δ[i](x − y) =∏
j 6=i δ
(j)(x− y), such that we can decompose δ(x− y) = δ(i)(x− y)δ[i](x− y).
In order to extract the ultraviolet divergent part of loop amplitudes, we assume a
small off-shellness p2ik for all external particles. The soft and collinear contributions to
the anomalous dimension are then of the form [14]
δZc,iPQ(x, y) = −δPQδ(i)(x− y)
αs
4pi
ni∑
k,l=1
Tik ·Tjl
[
2
2
+
2

ln
(
µ2
−p2ik
)
+ δlk
cik

]
4We note that the definitions imply that
∫
dy δ(x − y) 6= 1, if n′i 6= ni. We shall come back to this
subtlety below.
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+
1

γiPQ(x, y) , (2.15)
δZs,ijPQ(y) = −δPQ
αs
4pi
ni∑
k=1
nj∑
l=1
Tik ·Tjl
2
[
2
2
+
2

ln
(−µ2yikyjlsij
−p2ikp2jl
)]
+
1

γijPQ(y)
2
, (2.16)
where sij =
1
2
(ni− · nj−)PiPj, and cik = 3/2 for fermionic and cik = 0 for gluon building
blocks. The last term in both expressions captures operator mixing, and will be discussed
in detail in the following sections. The factors 1/2 included in the soft contribution
account for summation over both i < j and i > j in Eq. (2.14).
When combining the soft and collinear Z-factor, the dependence on the off-shell
regulators cancels, and the resulting anomalous dimension is given by
ΓPQ(x, y) = δPQδ(x− y)
[
−γcusp(αs)
∑
i<j
∑
k,l
Tik ·Tjl ln
(−sijxikxjl
µ2
)
+
∑
i
∑
k
γik(αs)
]
+ 2
∑
i
δ[i](x− y)γiPQ(x, y) + 2
∑
i<j
δ(x− y)γijPQ(y) , (2.17)
where
γcusp(αs) =
αs
pi
and γik(αs) =
−
3αsCF
4pi
(q)
0 (g)
(2.18)
for the collinear quark (q) and gluon (g) building block. This general structure covers
both currents and time-ordered products.
For the further discussion of the structure of the matrix we momentarily restrict the
indices P,Q to the current operators, and label the time-ordered product operators that
descend from current operators P ′, Q′ with indices T (P ′), T (Q′). The generic structure
of the anomalous dimension can then be summarized as
Γ =
(
ΓPQ ΓPT (Q′)
ΓT (P ′)Q ΓT (P ′)T (Q′)
)
=
(
ΓPQ 0
ΓT (P ′)Q ΓP ′Q′
)
(2.19)
Due to the non-renormalization property of the SCET Lagrangian [23], the mixing of
time-ordered products into themselves is directly inherited from the corresponding cur-
rents that appear inside of the time-ordered products, i.e. ΓT (P ′)T (Q′) = ΓP ′Q′ . Mixing
of currents into the time-ordered products is forbidden by locality, i.e. ΓPT (Q′) = 0.
However, time-ordered products can mix into currents, hence ΓT (P ′)Q 6= 0.
We now recall that the current operators do not contain soft fields, hence it is suffi-
cient to consider matrix elements without external soft fields for the calculation of the
anomalous dimension. Since the power-suppressed Lagrangian interactions L(n)iV always
involve at least one soft field, soft fields must therefore be contracted to an internal soft
line, which exists only for soft loops. It follows that ΓT (P ′)Q arises entirely from soft
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loops, and is described by
ΓT (P ′)Q = 2
∑
i<j
δ(x− y)γijT (P ′)Q(y) . (2.20)
Furthermore, the soft contribution γijPQ(y) in Eq. (2.17) vanishes for current-current
mixing [14], so the above is the only soft mixing contribution. The collinear (γi) and
soft operator mixing (γij) terms in the anomalous dimension matrix (2.17) therefore take
the block forms
γi =
(
γiPQ 0
0 γiP ′Q′
)
, γij =
(
0 0
γijT (P ′)Q 0
)
. (2.21)
The soft, time-ordered product mixing matrix γij vanishes for operators with fermion
number Fi = ±2 or Fj = ±2 [14], but, as will be seen below, this is not the case for
Fi = ±1 or Fj = ±1. This type of mixing therefore represents a qualitatively new feature
compared to Ref. [14], discussed in detail in the following section.
Let us point out a subtlety concerning the dependence on collinear momentum frac-
tions. The collinear one-loop renormalization matrix δZc,iPQ(x, y) is in general off-diagonal
with respect to momentum fractions in direction i, and diagonal with respect to all other
directions. Correspondingly, we extracted the factor δ[i](x − y) in Eq. (2.14). The soft
part δZs,ijPQ(y), on the other hand, is diagonal in momentum fractions for current-current
mixing. For the mixing of time-ordered products into currents, this is strictly true only
if the number of building blocks in JT (P ) and JQ is equal, i.e. n
′
i = ni and n
′
j = nj. As
we will see below (see, e.g., Fig. 4) the cases n′i = ni + 1 = 2 and/or n
′
j = nj + 1 = 2 are
also possible, in which case the number of collinear building blocks in Q is larger than
in T (P ′). Then δZs,ijPQ(y) depends in addition on yi1 and/or yj1 , which are not contained
in δ(x− y) in this case, and are integrated over in (2.12). The first concrete example of
this feature will appear in Eq. (3.33) below.
3 Soft sector
In this section we discuss the contribution to the anomalous dimension from soft loops.
Its general structure at the one-loop order is described by the renormalization matrix
δZs,ijPQ(y) defined in Eqs. (2.14) and (2.16). The first term on the right-hand side of
Eq. (2.16) captures the contribution from soft loops for which all interaction vertices are
derived from the leading-power SCET Lagrangian, and was discussed in Ref. [14]. An
example is diagram S00 shown in Fig. 1. In this case the power suppression arises from
the currents themselves. Employing colour space operator notation allows us to write
the anomalous dimension for arbitrary combinations of quark and gluon building blocks
in a unified way, see Eq. (2.17).
We will therefore focus on soft one-loop diagrams that contain at least one power-
suppressed interaction vertex derived from L(n) with n = 1, 2. Some examples are S10,
S11 and S20 shown in Fig. 1. Such loops may feature divergences proportional to current
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Figure 1: Sample diagrams for a soft gluon connecting two fermionic building blocks
in collinear direction i and j, respectively. The numbered vertices indicate insertions of
vertices derived from the subleading power SCET Lagrangian L(n) with n = 1, 2.
operators, which describe the mixing of time-ordered products into currents, captured
by the second term on the right-hand side of Eq. (2.16), i.e. by γij of Eq. (2.21).
Before we systematically investigate the anomalous dimension in the soft sector, we
present an explicit example with a non-zero result. We do so to illustrate an unfa-
miliar feature of the power-suppressed SCET interactions in the position space formal-
ism – the momentum-space Feynman rules contain derivatives of momentum conserving
Dirac delta-functions. In our example, diagram S11 shown in Fig. 1, we demonstrate
how to treat this objects in practical computations. The two insertions of L(1)ξ lead to
O(λ2) power suppression. Therefore, we can take the collinear building blocks to be
leading-power fermionic operators ∝ χiχj. Diagram S11 describes the possible mixing
of
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
into A-type currents. We consider a matrix element with two outgoing
antiquarks,
〈q¯j(q2)q¯i(q1)|χiαχjβ|0〉1−loop, S11
= µ˜2
∫
l,q˜1,q˜2
(
−ini+q˜1 /ni−2
q˜21 + iε
igst
aXρ⊥in
ν
i−(−lρgνµ + lνgρµ)
/ni+
2
vi(q1)
)
α
× −ig
µµ′
l2 + iε
×
(
−inj+q˜2 /nj−2
q˜22 + iε
igst
aXρ
′
⊥jn
ν′
j−(lρ′gν′µ′ − lν′gρ′µ′)
/nj+
2
vj(q2)
)
β
, (3.1)
where vi(q) denotes the i-collinear antiquark spinor satisfying /ni−vi(q) = 0, and we use
the shorthand notation ∫
l1,l2,...
≡
∫
ddl1
(2pi)d
ddl1
(2pi)d
. . . (3.2)
for the loop integration measure in dimensional regularization with d = 4 − 2. The
power-suppressed vertices arise from the interaction
S
(1)
iξ =
∫
ddx χ¯i(x)
(
xµ⊥in
ν
i− gsF
s
µν(xi−)
) /ni+
2
χi(x), (3.3)
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with xi− ≡ (ni+x)ni−2 , and the corresponding term for the direction j. Due to the explicit
appearance of the space-time point xµ in the interaction, the momentum-space vertex
contains the derivative of the momentum-conserving delta functions,
X⊥i =
∂
∂q˜1⊥i
(2pi)dδ(d)(q˜1 − q1 − (ni−l)ni+/2) ,
X⊥j =
∂
∂q˜2⊥j
(2pi)dδ(d)(q˜2 − q2 + (nj−l)nj+/2) . (3.4)
Momentum conservation at the vertex can be imposed only after evaluation the derivative
with respect to the momenta q˜1 and q˜2 of the fermion lines attached to the i- and j-
collinear building blocks of the current, respectively. Note that, according to the SCET
Feynman rules, only the ni−l projection of the loop momentum l enters in the delta
function derived from L(1)iξ , and analogously for direction j. The reason is that the soft
field is multipole expanded around xi− in Li as can be seen in Eq. (3.3). After partial
integration the derivatives can be eliminated. Using the collinear projection property of
the external spinors we obtain
〈q¯j(q2)q¯i(q1)|χiαχjβ|0〉1−loop, S11
= µ˜2
∫
l
(
Aaiρα (−nµi−gρν⊥i + nνi−gρµ⊥i)lν
) −igµµ′
l2 + iε
(
(nµ
′
j−g
ρ′ν′
⊥j − nν
′
j−g
ρ′µ′
⊥j )lν′ Aajρ′β
)
, (3.5)
where
Aaiρα = −
∂
∂q˜ρ1⊥i
ni+q˜1
q˜21 + iε
∣∣∣∣∣
q˜1=q1+
1
2
(ni−l)ni+
gst
aviα(q1) ,
Aajρ′β = −
∂
∂q˜ρ
′
2⊥j
nj+q˜2
q˜22 + iε
∣∣∣∣∣
q˜2=q2− 12 (nj−l)nj+
gst
avjβ(q2) . (3.6)
The integrand has the structure lνlν
′
F (ni−l, nj−l, l2) with some scalar function F . There
is no explicit dependence on l⊥, since after the derivative with respect to q˜
ρ
1⊥i (q˜
ρ′
2⊥j) is
carried out q˜21 (q˜
2
2) is set to q
2
1 + ni−lni+q1 (q
2
2 − nj−lnj+q2). Therefore the integral can
be decomposed, after integration, into terms proportional to the tensors nνi−n
ν′
i−, n
ν
j−n
ν′
j−,
nνi−n
ν′
j−, n
ν
j−n
ν′
i−, and g
νν′ . By making an ansatz of a linear combination of these tensors,
and contracting with them, one finds that one can replace inside of the integrand
lνlν
′ 7→ 1
d− 2
(
l2 − 2ni−l nj−l
ni−nj−
)
gνν
′ − 1
d− 2
(
l2 − dni−l nj−l
ni−nj−
)
nνi−n
ν′
j− + n
ν′
i−n
ν
j−
ni−nj−
+
(
nj−l
ni−nj−
)2
nνi−n
ν′
i− +
(
ni−l
ni−nj−
)2
nνj−n
ν′
j− . (3.7)
The terms ∝ l2 vanish, since the gluon propagator 1/(l2 + iε) is cancelled, resulting in
an infrared finite and quadratically ultraviolet divergent scaleless transverse momentum
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integral, which does not contribute to the anomalous dimension. Furthermore, since ν
is contracted with either a ⊥ vector in the i direction or with ni−, terms ∝ nνi− vanish.
Similarly, terms ∝ nν′j− vanish. Inserting this decomposition in Eq. (3.5) yields
〈q¯j(q2)q¯i(q1)|χiαχjβ|0〉1−loop, S11
= −4ig2s µ˜2
4− d
d− 2
(q1⊥iq2⊥j)(ni−nj−)− (ni−q2⊥j)(nj−q1⊥i)
ni−nj−
(
taviα(q1)
)(
tavjβ(q2)
)
×
∫
l
ni+q1ni−l
(q21 − ni+q1ni−l + iε)2
1
l2 + iε
nj+q2nj−l
(q22 + nj+q2nj−l + iε)2
= −1

2αs
pi
(q1⊥iq2⊥j)(ni−nj−)− (ni−q2⊥j)(nj−q1⊥i)
ni+q1nj+q2(ni−nj−)2
(
taviα(q1)
)(
tavjβ(q2)
)
+O(0) ,
(3.8)
where we used the master integral from App. B in the last step. Note the explicit
factor 4− d = 2 in the first line, which cancels the double pole from the integral. The
remaining 1/ divergence can be absorbed by a counterterm proportional to the current(
JA1∂µχ
)
i
(
JA1∂νχ
)
j
= [i∂µ⊥iχi][i∂
ν
⊥jχj], resulting in the non-vanishing entry
γij
(JT1χ,ξ)i(J
T1
χ,ξ)j ,(J
A1
∂µχ)i(J
A1
∂νχ)j
=
2αs
pi
Ti ·Tj Gµνij , (3.9)
of the anomalous dimension matrix, where
Gµνij ≡
(
gµν − n
ν
i−n
µ
j−
ni−nj−
)
1
(ni−nj−)PiPj
. (3.10)
Here we omitted the building blocks belonging to the N − 2 collinear directions different
from i and j, which remain unchanged, as well as Dirac indices, since the above anoma-
lous dimension is diagonal in them in each collinear direction. This computation also
implies that
γij
(JT1χ,ξ)i(J
T1
χ,ξ)j ,(J
A2
∂µ∂νχ)i(J
A0
χ )j
= 0 , (3.11)
and analogously for JA2 ↔ JA0. The computation above was done in Feynman gauge.
Independence on the gauge-fixing parameter in general covariant gauge is easily seen
from Eq. (3.1), since replacing gµµ
′ → lµlµ′/l2 produces zero upon contracting lµ with
the vertex factor. The reason for this is that the soft-gluon vertex in L(1)ξ comes from the
field strength tensor. We also note that with our conventions off-diagonal elements of the
anomalous dimension matrix need not be dimensionless as is apparent from the result
(3.10). In this way we avoid putting explicit factors of the hard scale into the generic
operator basis. For the special case of back-to-back directions, nj− = ni+, and, since µ,
ν are contracted with transverse vectors, Gµνij simplifies to g
µν
⊥ /(2Q
2), where Q2 = PiPj
is the invariant mass of the particles in the back-to-back directions, resulting in a simple
expression for the soft mixing anomalous dimension (3.9).
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Figure 2: Generic soft one-loop diagram featuring a single insertion of L(1)ξ or L(1)YM
along collinear direction i, a leading-power interaction along direction j, and a soft gluon
exchanged between them. Solid lines without arrow can be either collinear quarks or glu-
ons. Dotted lines illustrate possible additional collinear emissions (additional emissions
directly off the current are not shown). The relevant diagrams are obtained by choosing
one emission out of the dashed lines, or none for the case without extra emission.
In order to determine the mixing into B- and C-type currents, as well as of different
types of time-ordered products, we need to consider matrix elements with one or two ad-
ditional collinear emissions in direction i or j. To simplify this computation, we consider
the general structure of soft loops, depending on the number and type of insertions of
power-suppressed interactions. We first consider the case of a single L(1) insertion, then
a double L(1) insertion, and finally a single L(2) insertion, for the case Fi = Fj = +1. The
results for fermion number (Fi, Fj) = (+1,+1) can be generalized straightforwardly to
operators with χ¯ instead of χ building blocks, i.e. (Fi, Fj) = (−1,−1), (1,−1), (−1, 1),
see App. D.
3.1 Single insertion of L(1)
In Ref. [14] it has been shown that soft loops with a single insertion of L(1) vanish for
the case Fi = ±2. We now generalize this result to currents with arbitrary fermion
number (such as in diagram S10 in Fig. 1). We consider an operator containing a single
time-ordered product involving an insertion of L(1) along direction i. This operator can
potentially mix into current operators containing, instead of the time-ordered product,
either an extra transverse derivative or an extra collinear building block along one of the
N collinear directions. To determine this mixing it is therefore sufficient to consider a soft
loop diagram with a soft line connecting direction i with any other direction j, and with
up to one extra collinear emission. The vertex to which the soft line is attached along
direction j is a leading-power interaction. Since soft quarks do not interact with collinear
particles at leading power, only the case of a soft gluon line needs to be considered. This
implies in turn that the power-suppressed interaction along direction i has to contain a
soft gluon as well, i.e. we need to consider only L(1)ξ or L(1)YM. Operators containing a
single time-ordered product involving L(1)ξq cannot mix into currents.
A generic soft loop diagram of the type described above is shown in Fig. 2. Here
11
dotted lines illustrate possible attachments of an extra collinear emission. As stated in
the previous paragraph, only one extra emission needs to be considered. This emission
can be attached to either direction i or j. In addition, it can be either off an internal or
external propagator, or off one of the vertices involving the soft gluon. Extra emission
directly off the current is also possible, but not shown for brevity.
It turns out that the loop amplitudes for all relevant diagrams can be written in a
generic form. Let us assume that the soft gluon line carries momentum l. The leading-
power interaction is proportional to nµ
′
j− for all vertices involving a soft gluon, since soft
gluons enter only via the projection n−D of the covariant derivative into the leading-
power collinear Lagrangian. The power suppressed interaction vertices derived from both
L(1)ξ or L(1)YM contribute the factor
ni−l g
ρµ
⊥i − nµi−lρ⊥i = (nνi−gρµ⊥i − nµi−gρν⊥i)lν , (3.12)
where the index ρ is contracted either with a derivative with respect to a ⊥ momentum
or, for the 4-gluon vertex, with the ⊥ component of some collinear momentum. The
reason is that at O(λ) the soft field enters the collinear SCET Lagrangian only via the
soft field strength tensor projected in the − and ⊥ directions, nν−F sνκ⊥ . Restricting for the
moment to the time-ordered product with a leading-power current, the loop amplitude
in Feynman gauge can be written in the form
〈f |χiαχjβ|0〉 single L(1) insertion = µ˜2
∫
l
(
Aaiρα (nνi−gρµ⊥i − nµi−gρν⊥i)lν
) −igµµ′
l2 + iε
(
nµ
′
j−Aajβ
)
,
(3.13)
whereAaiρα andAajβ denote the pieces of the amplitude involving propagators and vertices
along direction i and j, respectively, and a refers to the colour index of the soft gluon.
Furthermore, 〈f | ∈ {〈q¯j q¯i|, 〈q¯jgj q¯i|, 〈q¯j q¯igi|} stands for states with either two outgoing
antiquarks, or with an extra collinear gluon in direction i or j. For example, for the
particular case without additional collinear emission Aaiρα is given by Eq. (3.6) and
Aajβ
∣∣∣
no extra emission
=
nj+q2
q22 − nj+q2nj−l + iε
gst
avjβ(q2) . (3.14)
Note that, also in the general case, Aaiρα depends on the loop momentum only via ni−l,
and Aajβ only via nj−l, due to the multipole expansion.
The loop integrand has the structure lνF (ni−l, nj−l, l2), such that by analogous rea-
soning as for the example above, the integral can be decomposed in contributions pro-
portional to nνi− and n
ν
j−. Inside the loop integrand one may replace
lν 7→ nj−l
nj−ni−
nνi− +
ni−l
nj−ni−
nνj− . (3.15)
The former term on the right-hand side vanishes since n2i− = 0 and g
ρν
⊥ini−ν = 0. The
latter vanishes since (nνi−g
ρµ
⊥i − nµi−gρν⊥i)nj−νnj−µ = 0. Therefore, operators containing a
single time-ordered product involving an L(1) insertion do not mix into local currents.
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This generalizes the argument of Ref. [14] to operators with Fi = Fj = +1, and implies
at O(λ)
γij
(JT1χ,V )i(J
A0
χ )j ,(J
A1
∂χ )i(J
A0
χ )j
= γij
(JT1χ,V )i(J
A0
χ )j ,(J
B1
Aχ)i(J
A0
χ )j
= 0 , (3.16)
for V ∈ {ξ,YM, ξq}. Adding transverse derivatives or collinear building blocks to the
operator does not affect the general form of the soft loop integral, since after the trans-
verse momentum derivatives from the vertices have been done, the denominator of the
integrand depends only on the ni−l and nj−l components of the loop momentum, and
since at most one factor of l⊥ can appear in the numerator. Therefore, we conclude that
at O(λ2)
γij
(JT2∂χ,V )i(J
A0
χ )j ,J
′
iJ
′
j
= γij
(JT2Aχ,V )i(J
A0
χ )j ,J
′
iJ
′
j
= γij
(JT1χ,V )i(J
A1
∂χ )j ,J
′
iJ
′
j
= γij
(JT1χ,V )i(J
B1
Aχ)j ,J
′
iJ
′
j
= 0 ,
(3.17)
where J ′iJ
′
j is a product of arbitrary local currents in directions i and j. Once again,
gauge invariance is a trivial consequence of the structure of the SCET power-suppressed
soft-gluon vertices.
We also note that the loop amplitude has the same structure for operators containing
gluon building blocks. Thus Eq. (3.17) remains true, when χ in JT1, JT2 and/or JA0χ is
replaced byA – the single insertions with L(1) never contribute to the one-loop anomalous
dimension matrix to O(λ2).
3.2 Double insertion of L(1)
There are two types of operators containing a double insertion of L(1). Either both
insertions belong to the same collinear direction (involving JT2χ,V W ), or the two insertions
belong to different directions (involving JT1χ,V J
T1
χ,W ). We consider the two cases in turn.
3.2.1 Double insertion in a single collinear direction
Diagrams containing a double time-ordered product along a single collinear direction,
say i, can potentially mix into local currents at the one-loop order by connecting the two
insertions with a soft line. This leads to loop integrals of the form∫
l
lµlν · · ·
l2 + iε
∏
a
1
p2a − ni+pani−l + iε
, (3.18)
where pa are linear combinations of collinear momenta in direction i, and p
2
a 6= 0 due
to the off-shell regularization. The momentum derivatives contained in the SCET Feyn-
man rules do not change this general structure. If some of the pa are identical, higher
powers of the propagator occur, which can be related to an integral with a single power,
differentiated with respect to p2a.
We now show that the above integrals always vanish. Note that the integrand has
only a single pole at ni+l = −(l2⊥i + iε)/ni−l, but closing the contour in the half plane
that does not contain this pole, does not allow us to conclude that the integral is zero,
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since the integral over the half-circle at infinity is not convergent. On the other hand,
inspection of the diagrams shows that an additional factor of lµ is accompanied by an
additional denominator containing ni−l such that the ni−l integral over the infinite circle
is always zero. Hence, when ni+l > 0 we pick up the residues in the upper ni−l half
plane at ni−l = p2a/ni+pa + iε (ni+p is positive), while the integral vanishes for ni+l < 0,
when all poles lie in the positive half plane. This converts the loop integral into a sum
of terms of the form ∫ ∞
0
dni+l
∫
dd−2l⊥i
(ni+l)
b lµ⊥il
ν
⊥i . . .
ni+l
ni+pa
p2a + l
2
⊥i + iε
(3.19)
with non-negative b. Performing the dimensionally regulated transverse momentum in-
tegral results in ni+l integrals of the form∫ ∞
0
dni+l (ni+l)
b− , b ≥ 0 (3.20)
with some other non-negative b and neglecting any l independent prefactors. These
scaleless integrals are IR finite and develop power-like divergences in the UV region.
Even though the integral over l⊥ may generate a 1 pole, the result is zero due to the
vanishing scaleless ni+l integral as was to be shown.
5 Hence, soft one-loop diagrams
within a single collinear direction do not contribute to the anomalous dimension at any
power of λ. In particular,
γij
(JT2χ,VW )i(J
A0
χ )j ,J
′
iJ
′
j
= 0 (3.21)
for V,W ∈ {ξ,YM, ξq}, and by the same argument
γij
T (P,L(1)k ,L
(1)
k ),Q
= 0 (3.22)
for i, j, k = 1, . . . , N and arbitrary local N -jet operators P , Q.
3.2.2 Double insertion in different collinear directions
We next consider a double time-ordered product operator with one insertion of L(1)i
in direction i and one of L(1)j in another direction j. One-loop mixing with a current
operator can occur when both insertions are connected by a soft line. For the moment
we focus on the case of a soft gluon line and refer to Sec. 3.4 for the case of soft quark
mixing. Therefore we consider insertions of L(1)ξ or L(1)YM. The corresponding operators
contain two time-ordered products
(
JT1χ,V
)
i
(
JT1χ,W
)
j
with V,W ∈ {ξ,YM}, which can
mix into currents with two additional ⊥ derivatives, or two additional building blocks,
5An alternative derivation proceeds by performing the l⊥ integral first. Since in Eq. (3.18) only the
soft gluon propagator 1/(l2 + iε) carries a dependence on l⊥ and ni+l in the denominator, this results in
a ni+l integral of the form
∫
dni+l (−ni−lni+l − iε)b−. The cut can be avoided by closing the contour
in the hemisphere opposite to the cut. The integral over the circle is now regulated dimensionally and
therefore can be set to zero.
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Figure 3: Generic soft one-loop diagram featuring a double insertion of L(1)ξ or L(1)YM
along collinear directions i and j, respectively. Solid lines without arrow can be either
collinear quarks or gluons. Dashed lines illustrate possible sub-diagrams with additional
collinear emissions (additional emissions directly off the current are not shown). In the
second line, we show possible sub-diagrams. Only diagrams that contain at most two
dotted lines, i.e. two collinear emissions, need to be considered.
or one ⊥ derivative together with one extra building block. Accordingly, we analyze
diagrams with up to two additional collinear emissions. Such diagrams are summarized
in Fig. 3. No more than two of the dashed lines should be replaced by one of the dotted
subdiagrams shown in the second line, such that the resulting diagram contains at most
two dotted lines. Emissions directly off the current are not shown for simplicity. The
L(1) insertion in direction i contributes a factor of the form (3.12), and a corresponding
factor arises for direction j with opposite sign since the direction of the soft momentum
is reversed. The amplitude for all relevant diagrams can therefore be written in the form
〈f |χiαχjβ|0〉double L(1) insertion
= µ˜2
∫
l
(
Aaiρα (−nµi−gρν⊥i + nνi−gρµ⊥i)lν
) −igµµ′
l2 + iε
(
(nµ
′
j−g
ρ′ν′
⊥j − nν
′
j−g
ρ′µ′
⊥j )lν′ Aajρ′β
)
, (3.23)
where Aaiρα ( Aajρ′β) contains collinear propagators and vertices in direction i (j). For
the case without extra collinear emission they are given by Eq. (3.6), and we recover
Eq. (3.5). The external states for up to two additional collinear emissions are
〈f | ∈ {〈q¯j q¯i|, 〈q¯jgj q¯i|, 〈q¯j q¯igi|, 〈q¯jgj q¯igi|, 〈q¯jgjg′j q¯i|, 〈q¯j q¯igig′i|, 〈q¯jq′j q¯′′j q¯i|, 〈q¯j q¯iq′iq¯′′i | } .
(3.24)
The four-fermion states 〈q¯jq′j q¯iq¯′i| and 〈q¯j q¯′j q¯iq′i| could contribute only in conjunction with
soft fermion exchange diagrams and L(1)ξq insertions, which will be discussed separately
in Sec. 3.4. Since Aaiρα and Aajρ′β depend on the loop momentum only via ni−l and nj−l,
respectively, the loop integral can be decomposed using Eq. (3.7) and we obtain
〈f |χiαχjβ|0〉 double L(1) insertion
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= −ig2s µ˜2
4− d
d− 2
(
gλλ′ − ni−λ′nj−λ
ni−nj−
)
gλρ⊥ig
λ′ρ′
⊥j
∫
l
Aaiρα
ni−lnj−l
l2 + iε
Aajρ′β . (3.25)
For d→ 4 the loop integral generically has a double 1/2 pole, but due to the prefactor
the complete amplitude has only a single pole. A large number of a priori possible
mixings can now be eliminated by two general considerations:
• The loop integral depends on two additional Lorentz indices ρ⊥i and ρ′⊥j, projected
along the ⊥ directions with respect to i and j. The possible ⊥ vectors entering Aaiρα
are a) the external momenta of i-collinear particles, b) the polarization vectors of i-
collinear gluons, or c) γρ⊥i. Case a) implies mixing into an A1 operator J
A1
i , b) a B1
operator JB1i and the same is true for case c) for the following reason: Inspecting
the Feynman rules Eqs. (A.27), (A.28) and (A.31), one finds that γρ⊥i may enter in
Aaiρα only in connection to vertices involving extra collinear emissions in direction i.
Analogous properties hold for direction j. Together with power counting in λ, this
implies that the divergent part can be absorbed by a counterterm containing either
an extra derivative or an extra building block in both the i as well as the j direction.
This means that only mixings of the form(
JT1χ,V
)
i
(
JT1χ,W
)
j
→ JX1i JY 1j (3.26)
are possible, i.e. into a product of O(λ) currents in both directions (with X, Y =
A,B), but not mixing into e.g. JX2i J
A0
j (X = A,B,C). This generalizes the result
obtained earlier in Eq. (3.11).
• The insertion L(1)YM can give non-zero matrix elements only if an additional collinear
gluon appears in the final state (see diagrams in Fig. 5 below). To renormalize such
a diagram by a current without gluon building block, such as [∂⊥iχi][∂⊥jχj], would
require a collinear emission from a Wilson line. There are two arguments why
this cannot happen: (i) in the light-cone gauge such diagrams do not exist. (ii)
suppose one would have to introduce a counterterm proportional to [∂⊥iχi][∂⊥jχj]
to renormalize a one-loop diagram containing (JT1χ,YM)i(J
T1
χ,YM)j. Then one could
compute the corresponding diagram without extra emission. In this case the tree-
level diagram with the counterterm is non-zero, while the one-loop diagram with
(JT1χ,YM)i(J
T1
χ,YM)j vanishes. This contradicts the property that, once the countert-
erm is fixed, all possible matrix elements have to be finite. This argument implies
also that (
JTnχ,YM
)
i
Jj → [∂µ1⊥i . . . ∂µn⊥iχi] J ′j (3.27)
vanishes, where Jj, J
′
j can be arbitrary currents or time-ordered products. For
example,
(
JT1χ,YM
)
i
(
JT1χ,YM
)
j
→ [∂⊥iχi](Aχ)j mixing does not occur.
The only possible mixings of two time-ordered products into currents with Fi = Fj =
1 are therefore
• (JT1χ,ξ)i (JT1χ,ξ)j → JX1i JY 1j ,
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Figure 4: Relevant diagrams for the mixing
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
→ JB1i JA1j (left) and(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
→ JB1i JB1j (right).
• (JT1χ,YM)i (JT1χ,ξ)j → JB1i JY 1j ,
• (JT1χ,YM)i (JT1χ,YM)j → JB1i JB1j ,
with X, Y = A,B (in the middle line the case with i↔ j is analogous). This reduces the
number of states 〈f | that need to be considered to compute the anomalous dimension
to the first four in Eq. (3.24). The mixing
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
→ JA1i JA1j has been treated
already, and the result is given in Eq. (3.9). For
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
→ JB1i JA1j we consider
the matrix element with 〈f | = 〈q¯j q¯igi|. To extract the operator mixing it is sufficient
to let the gluon have ⊥ polarization, and assume (q1)⊥i = q⊥i = 0. Then the only
non-zero diagram is shown in Fig. 4 (left). The diagram with gluon emission off the
power-suppressed vertex vanishes for ⊥ polarization, and with emission off the external
quark line because (q1)⊥i = q⊥i = 0. In this case Aajρ′β is given by Eq. (3.6) and
Aaiρα = −
∂
∂q˜ρ1⊥i
[
ni+(q˜1 + q)
(q˜1 + q)2 + iε
×
(
/˜q1⊥i/
∗
⊥i
ni+(q˜1 + q)
+
/∗⊥i/˜q1⊥i
ni+q˜1
)
ni+q˜1
q˜21 + iε
g2st
btavi(q1)
]
α
∣∣∣∣∣
q˜1=q1+
1
2
(ni−l)ni+
. (3.28)
For q1⊥i = 0 a non-zero contribution arises when the derivative acts on /˜q1⊥i. In collinear
momentum space, we obtain using Eq. (3.25) and App. B
〈q¯j q¯igbi |
(
JT1χα,ξ
)
i
(
JT1χβ ,ξ
)
j
|0〉 = Piδ(Pi − ni+(q1 + q))Pjδ(Pj − nj+q2)
×Mµναβ,γδ∗µ⊥i(q)
(
tbtaviγ(q1)
)
(q2)ν⊥j(tavjδ(q2)) , (3.29)
with
Mµναβ,γδ =
g3s
4pi2
(ni−nj−)gλν − nνi−nλj−
nj+q2(ni−nj−)2
(
γλ⊥iγ
µ
⊥i
ni+(q1 + q)
+
γµ⊥iγλ⊥i
ni+q1
)
αγ
δβδ +O(0) . (3.30)
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The tree-level matrix element of the (Aχ)ii∂⊥jχj operator is
〈q¯j q¯igai |
(
JB1Aµb χγ (y)
)
i
(
JA1∂νχδ
)
j
|0〉tree = P 2i δ(yPi − ni+q)δ(y¯Pi − ni+q1)Pjδ(Pj − nj+q2)
× gsδab∗µ⊥i(q)viγ(q1) (−qν2 )⊥jvjδ(q2) , (3.31)
where y is the collinear momentum fraction carried by the first building block in direction
i (i.e. the gluon) and y¯ = 1 − y. Comparing the two expressions, we find the operator
mixing
(
JT1χα,ξ
)
i
(
JT1χβ ,ξ
)
j
→ αs
pi
∫ 1
0
dyTbi (Ti ·Tj)Gijλν
×
(
γλ⊥iγ
µ
⊥i +
γµ⊥iγ
λ
⊥i
y¯
)
αγ
δβδ
(
JB1Abµχγ (y)
)
i
(
JA1∂νχδ
)
j
. (3.32)
Here Gijλν is defined in Eq. (3.10). It is understood that we take the 〈q¯igiq¯j|(· · · )|0〉matrix
element on both sides, and keep only the divergent part for d → 4. Furthermore, we
converted to colour operator notation which gives a minus sign. This yields the following
result for the anomalous dimension,
γij
(JT1χα,ξ)i
(
JT1χβ,ξ
)
j
,
(
JB1Aµ
b
χγ
)
i
(
JA1∂νχδ
)
j
(yi1) = −
αs
pi
Tbi (Ti ·Tj)Gλνij
×
(
γλ⊥iγ
µ
⊥i +
γµ⊥iγλ⊥i
y¯
)
αγ
δβδ , (3.33)
where y corresponds to yi1 in the general notation.
We note that although soft mixing does not transfer momentum between the two
collinear directions i, j, the anomalous dimension above acquires a dependence on the
momentum fractions of the collinear building blocks in the B1 current. This happens
because in the left Fig. 4 the divergent part of the diagram depends on how the gluon
and quark with momentum ni+q = yPi and ni+q1 = y¯Pi, respectively, share the total
momentum Pi. For the case at hand, Eq. (2.12) takes the form
finite = 〈JP (x)〉1−loop +
∑
Q
∫
dy δ(x− y) δZsPQ(y) 〈JQ(y)〉tree . (3.34)
Since in direction i, ni = 1 and n
′
i = 2, the delta function is empty, and dy = dyi1 . This
is consistent with the fact that after applying the constraint that momentum fractions in
a given collinear direction must sum to 1, there is no dependence on momentum fraction
x for ni = 1, while for the B1 operator contained in Q, the single momentum fraction
y = yi1 is integrated in the above equation.
In order to determine the mixing into two B-type currents, we consider the external
state 〈f | = 〈q¯jgj q¯igi|. Restricting to gluons with ⊥ polarization and momenta with
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Figure 5: Relevant diagrams for the mixing
(
JT1χ,YM
)
i
(
JT1χ,ξ
)
j
→ JB1i JA1j (left),(
JT1χ,YM
)
i
(
JT1χ,ξ
)
j
→ JB1i JB1j (middle) and
(
JT1χ,YM
)
i
(
JT1χ,YM
)
j
→ JB1i JB1j (right).
vanishing ⊥ component, the only possible diagram is shown in Fig. 4 (right). We find
that all mixings of the type
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
→ JX1i JY 1j can be summarized as
(
JT1χα,ξ
)
i
(
JT1χβ ,ξ
)
j
→ −2αs
pi
Gijλκ
×
[
Tai J
A1
∂λχα
− 1
2
∫
dy
(
γλ⊥iγ
µ
⊥i +
γµ⊥iγ
λ
⊥i
y¯
)
αγ
TbiT
a
i J
B1
Abµχγ (y)
]
i
×
[
TajJ
A1
∂κχβ
− 1
2
∫
dy′
(
γκ⊥jγ
ν
⊥j +
γν⊥jγ
κ
⊥j
y¯′
)
βδ
TcjT
a
jJ
B1
Acνχδ(y
′)
]
j
.
(3.35)
Similarly, for time-ordered products involving L(1)YM we find (see Fig. 5)(
JT1χα,YM
)
i
(
JT1χβ ,ξ
)
j
→ −2αs
pi
Gijλκ
× if
bda
2
∫
dy
(
2gµλ⊥i
y
− γλ⊥iγµ⊥i
)
αγ
Tdi
(
JB1Abµχγ (y)
)
i
×
[
TajJ
A1
∂κχβ
− 1
2
∫
dy′
(
γκ⊥jγ
ν
⊥j +
γν⊥jγ
κ
⊥j
y¯′
)
βδ
TcjT
a
jJ
B1
Acνχδ(y
′)
]
j
,
(3.36)(
JT1χα,YM
)
i
(
JT1χβ ,YM
)
j
→ −2αs
pi
Gijλκ
× if
bda
2
∫
dy
(
2gµλ⊥i
y
− γλ⊥iγµ⊥i
)
αγ
Tdi
(
JB1Abµχγ (y)
)
i
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× if
cea
2
∫
dy′
(
2gνκ⊥j
y′
− γκ⊥jγν⊥j
)
βδ
Tej
(
JB1Acνχδ(y
′)
)
j
. (3.37)
The corresponding anomalous dimension matrix entries read
γij
(JT1χα,ξ)i
(
JT1χβ,ξ
)
j
,
(
JB1Aµ
b
χγ
)
i
(
JB1Aνc χδ
)
j
(yi1 , yj1)
=
αs
2pi
TbiT
c
j(Ti ·Tj)Gijλκ
(
γλ⊥iγ
µ
⊥i +
γµ⊥iγ
λ
⊥i
y¯i1
)
αγ
(
γκ⊥jγ
ν
⊥j +
γν⊥jγ
κ
⊥j
y¯j1
)
βδ
, (3.38)
γij
(JT1χα,YM)i
(
JT1χβ,ξ
)
j
,
(
JB1Aµ
b
χγ
)
i
(
JA1∂νχδ
)
j
(yi1)
=
αs
pi
(Ti ×Tj)bGijλκ
(
2gµλ⊥i
yi1
− γλ⊥iγµ⊥i
)
αγ
gκνδβδ , (3.39)
γij
(JT1χα,YM)i
(
JT1χβ,ξ
)
j
,
(
JB1Aµ
b
χγ
)
i
(
JB1Aνc χδ
)
j
(yi1 , yj1)
= −αs
2pi
Tcj(Ti ×Tj)bGijλκ
(
2gµλ⊥i
yi1
− γλ⊥iγµ⊥i
)
αγ
(
γκ⊥jγ
ν
⊥j +
γν⊥jγ
κ
⊥j
y¯j1
)
βδ
, (3.40)
γij
(JT1χα,YM)i
(
JT1χβ,YM
)
j
,
(
JB1Aµ
b
χγ
)
i
(
JB1Aνc χδ
)
j
(yi1 , yj1)
= −αs
2pi
f bdaf cea TdiT
e
j G
ij
λκ
(
2gµλ⊥i
yi1
− γλ⊥iγµ⊥i
)
αγ
(
2gνκ⊥j
yj1
− γκ⊥jγν⊥j
)
βδ
. (3.41)
Here we defined the colour operator cross product via (Ti1 ×Ti2)a ≡ ifabcTbi1Tci2 .
3.3 Single insertion of L(2)
In this section we consider the possible mixing of single insertions of O(λ2) SCET inter-
actions, that is, JT2χ,V , into current operators. It is sufficient to take V = ξ,YM, because
at O(λ2), the time-ordered product JT2χ,ξq cannot mix into currents. The reason is that
for diagrams with only collinear external lines, the soft quark field from L(2)ξq would have
to be contracted with another subleading-power Lagrangian.
The class of one-loop diagrams to be considered is illustrated exemplarily in Fig. 6,
where the dashed lines represent again possible additional collinear emissions. To capture
all possible mixings into currents at O(λ2) we need to consider up to two additional
collinear emissions.
We begin with the case of no extra collinear emission off the power-suppressed vertex
from the L(2)ξ insertion (in direction i). The soft loop momentum l carried by the soft
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Figure 6: As Fig. 2, but for an insertion of L(2)ξ or L(2)YM. The relevant diagrams are
obtained by choosing up to two emissions. Dashed lines should be replaced with subdi-
agrams according to the lower panel of Fig. 2. In addition, also emission directly off the
current is possible.
gluon propagator is assumed to flow outwards of the L(2)ξ -vertex, and the single external
collinear momentum in the i direction is denoted by p. Furthermore, we assume that
the internal collinear line attached to the L(2)ξ -vertex has momentum p˜− l, and we keep
p˜ 6= p until derivatives are taken. The loop amplitude can then be written as
〈f |χiχj|0〉single L(2)ξ insertion = µ˜
2
∫
l
(
Sρν(−l,−p, p˜+ l)Aai (−lρgνµ + lνgρµ)
)
i
∣∣∣∣
p˜=p
×−igµµ′
l2 + iε
×
(
nµ
′
j−Aaj
)
j
(3.42)
where Sρν is given by Eq. (A.32) and arises from the L(2)ξ insertion. As before, Aai
(Aaj ) contains the part of the amplitude involving i-collinear (j-collinear) propagators,
vertices, polarization vectors and external spinors, and a denotes the colour index of the
soft gluon. We suppress Dirac indices for brevity. For the diagram without any extra
emissions, q1 ≡ p, q˜1 = p˜− l,
Aai
∣∣∣
no extra emission
=
−ini+q˜1
q˜21 + ni+q˜1ni−l
igst
avi(q1) , (3.43)
and Aaj is given by Eq. (3.14).
In general Aai and Aaj contain several propagators involving various combinations of
external momenta, and vertex factors that may depend polynomially on ni−l and nj−l,
respectively. By partial fractioning the integrand Ai can be brought into the generic
form
Aai =
∑
pi,ai,bi
Ca(pi; ai, bi) (ni−l)bi
(
ni+pi
p2i + ni+pini−l
)ai
(3.44)
where pi are (linear combinations of) collinear momenta in direction i, including p and
p˜. We also use pi in the above equation to label the sum of terms that arises from the
partial fractioning. The coefficients Ca(pi; ai, bi) may depend on the collinear momenta
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pi, but not on l. Aaj can be decomposed analogously. From the explicit form of Sρν
together with Eqs. (3.7) and (3.15) we obtain
〈f |χiαχjβ|0〉single L(2)ξ insertion
= −iµ˜2
∫
l
[(
∂
∂ni+p˜
− 1
d− 2
∂
∂p˜⊥i
· ∂
∂p˜⊥i
ni−l
)
Aai
]
p˜=p
× nj−l
l2
Aaj . (3.45)
After inserting Eq. (3.44), the loop integral takes the form of the master integral (B.3). A
peculiar property of this integral is that it factors into two terms, each of which depends
only on quantities related to a single collinear direction, here i and j. This property
is manifest in a frame where directions i and j are back-to-back. In the back-to-back
frame, the l⊥ integral can be performed first and the resulting expression is a product
of two integrals that depend only on n−l or on n+l. Such a boost to the back-to-back
frame can always be performed. Hence, the soft loop diagram factorizes into
〈f |χiχj|0〉single L(2)ξ insertion = −F ×D
a
i ×Daj (3.46)
with F given by Eq. (B.2), and
Dai =
∑
piaibi
(
D(ai, bi, )
∂
∂ni+p˜
+
D(ai, bi + 1, )
2− 2
∂
∂p˜⊥i
· ∂
∂p˜⊥i
p2i
ni+pi
)
Ca(pi; ai, bi)
(p2i /ni+pi)
ai−bi−1+
∣∣∣∣
p˜=p
, (3.47)
where the numerical coefficients D(a, b, ) are defined in Eq. (B.4), and
Daj = −
∑
pj ,aj ,bj
Ca(pj; aj, bj)D(aj, bj + 1, )
(p2j/nj+pj)
aj−bj−2+ . (3.48)
The diagrams with extra emission off the subleading-power vertex can be treated
analogously, and lead to an integral of similar form, proportional to the same factor
Daj . Similarly, diagrams involving an insertion of L(2)YM in the i direction can be shown to
factorize into a product involving the same Daj . This is a consequence of the fact that the
j-direction involves only leading-power soft interactions, which are of eikonal type, and
hence identical for quarks and gluons except for the colour factor. From the following
discussion it will become clear that this is the relevant property.
No extra emissions in direction j: In this case the amplitude Aaj is given by
Eq. (3.14). There is only a single collinear propagator with pj = q2, aj = 1, bj = 0,
Ca(pj; aj, bj) = gst
a (where a is the colour index of the soft gluon), D(1, 1, ) = −1,
which gives
(Daj )no j−coll. em. = gstaµ
(
q22
nj+q2
)1−
. (3.49)
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Figure 7: Diagram with a single collinear emission in direction j. The insertions sk
show possible attachments of the soft line. The part of the diagram in direction i is not
shown.
Hence, the factor Daj vanishes when the off-shell infrared regulator is removed, q22 → 0.
Due to integral factorization Di cannot depend on the j-collinear momentum q2, and
therefore the complete diagram vanishes in this limit. Together with the factorization
property, this finding also proves that all diagrams with extra collinear emissions in
direction i, but no emissions in direction j, vanish, because they are all proportional to
(Daj )no j−coll. em..
Single extra emission in direction j: The factorization property (3.46) extends to
the sum of all diagrams with soft attachments to a given collinear splitting pattern in
direction j. This can be captured by the expression Daj from Eq. (3.48) by including in
the sum on the right-hand side the sum over all soft attachments. In the following, it
turns out to be sufficient to consider only the j-collinear direction, which contains the
leading-power soft interactions.
To be specific, consider a collinear quark in direction j with external momentum q2,
and an emission of a collinear gluon off the quark line (momentum q, colour b, polarization
tensor ), as shown in Fig. 7. The part of the diagram along direction i, which involves
the L(2)ξ insertion, is not shown, because it is irrelevant for the computation of Daj due
to the factorization property. The insertions sk mark attachments of the soft gluon
(momentum l, colour a) to either the internal quark propagator (s1), the external quark
(s2) or the gluon (s3). The corresponding amplitudes are given by
Aa(s1)j =
−inj+qˆ
qˆ2 − nj+qˆnj−l igst
a−inj+qˆ
qˆ2
igst
bCjvj(q2) ,
Aa(s2)j =
−inj+qˆ
qˆ2 − nj+qˆnj−l igst
bCj
−inj+q2
q22 − nj+q2nj−l
igst
avj(q2) ,
Aa(s3)j =
−inj+qˆ
qˆ2 − nj+qˆnj−l igst
cCjvj(q2) (−gsfabcnj+q) −i
q2 − nj+qnj−l , (3.50)
where qˆ ≡ q2 + q, and
Cj ≡
/ˆq⊥j/⊥j
nj+qˆ
+
/⊥j/q2⊥j
nj+q2
. (3.51)
23
We have used that the three-gluon vertex involving two collinear and one soft gluon is
diagonal in the Lorentz indices of the collinear fields. The factor nµj− that is contained
in the soft leading-power vertex is not part of the above amplitudes, since it was taken
out in the defining Eq. (3.42). The sum of the three amplitudes can be expanded using
partial fractioning as (we omit the label for aj = 1, bj = 0 on the C
a coefficients common
to all terms for brevity in the following equation)
3∑
k=1
Aa(sk)j = Ca(qˆ)
nj+qˆ
qˆ2 − nj+qˆnj−l+C
a(q2)
nj+q2
q22 − nj+q2nj−l
+Ca(q)
nj+q
q2 − nj+qnj−l , (3.52)
with coefficients
Ca(qˆ) = g2s
(
tatb
nj+qˆ
qˆ2
+ tbta∆q2qˆ + if
abctc∆qqˆ
)
Cjvj(q2) ,
Ca(q2) = g
2
st
bta∆qˆq2Cjvj(q2) ,
Ca(q) = g2s if
abctc∆qˆqCjvj(q2) , (3.53)
and
∆qp ≡
(
q2
nj+q
− p
2
nj+p
)−1
= −∆pq . (3.54)
Using Eq. (3.48) with aj = 1, bj = 0, this gives
(Daj )single j−coll. em. =
{
Ca(qˆ)
(
qˆ2
nj+qˆ
)1−
+ Ca(q2)
(
q22
nj+q2
)1−
+ Ca(q)
(
q2
nj+q
)1−}
= g2sµ

{
tatb
(
qˆ2
nj+qˆ
)−
+ tbta∆q2qˆ
((
qˆ2
nj+qˆ
)1−
−
(
q22
nj+q2
)1−)
+ ifabctc∆qqˆ
((
qˆ2
nj+qˆ
)1−
−
(
q2
nj+q
)1−)}
Cjuj(q2)
= g2s
{
tatb − tbta − ifabctc}( qˆ2
nj+qˆ
)−
Cjuj(q2) +O(q2, q22)
= O(q2, q22) , (3.55)
where in the last two lines we have expanded in the small off-shell regulators q22 and q
2
of the external quark and gluon, respectively. Therefore, in the on-shell limit q2, q22 → 0
when the regulators are removed, also all contributions with a single emission in direction
j vanish.
This result is not unexpected: It is well known that in the eikonal limit the coupling
of a soft gluon to a pair of partons from collinear splitting is equal to the coupling
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Figure 8: Diagrams with double collinear emission in direction j. The insertions sk
show possible attachments of the soft line. The part of the diagram in direction i is not
shown. Also the crossed diagram corresponding to the first one with momenta q and q′
interchanged in not shown.
to the parent parton. The above considerations proves that this holds true when the
amplitude is first regulated by a small off-shellness, which is then removed. In the SCET
framework the standard eikonal cancellation in the absence of the off-shell regulator is
reflected in the decoupling transformation [25], which removes soft-gluon interactions
from the leading-power Lagrangian. In the on-shell limit, the soft interaction is then
described by a soft Wilson line evaluated at the position of the current (which we choose
to be x = 0). This gives
Aaj =
3∑
k=1
Aa(sk)j = −
gst
a
nj−l
× −inj+qˆ
qˆ2
igsCjvj(q2) ,
which is the product of the Wilson line (eikonal) factor and the collinear splitting ampli-
tude. Together with the explicit factor nj−l in the numerator in Eq. (3.45) this implies
that the loop integral does not depend on the nj− direction, and therefore vanishes. The
above shows that in the present case the naive argument based on unregulated on-shell
amplitudes remains valid as the limiting case of an off-shell regulated amplitude.
Double extra emission in direction j: The diagrams in Fig. 8 show collinear split-
tings in the j direction involving two extra emissions, and possible positions sk for
attachment of the soft line in each case. One needs to sum up the amplitudes Aa(sk)j
for all sk. For each of the four classes of diagrams that are indicated in the figure, we
find that, following the same steps as above, the Daj part of the soft loop amplitude
vanishes when the off-shell regulators are removed. Once again, this is a consequence of
the SCET version of the leading-power eikonal-type couplings of soft gluons to collinear
lines. Thus,
(Daj )double j−coll. em. = O(q22, q2, q′2) (3.56)
Altogether, this implies that the time-ordered products JT2χ,V do not mix into current
operators, i.e.
γij
T (P,L(2)k ),Q
= 0 , (3.57)
where i, j, k = 1, . . . , N and P,Q are N -jet current operators with fermion number one.
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Figure 9: Example for a soft fermion exchange one-loop diagram.
3.4 Soft-quark exchange
For the mixed cases (Fi, Fj) = (+1,−1) and (Fi, Fj) = (−1,+1), an additional class of
diagrams with soft-quark exchange from two L(1)ξq insertions exists. An example is shown
in Fig. 9. We show that these diagrams vanish, if the mass of the soft quark can be
neglected.
Even for an arbitrary number of collinear emissions attached to any internal or ex-
ternal propagator, or vertex, the soft loop momentum l enters the integral only via ni−l
and nj−l, except for the soft (massless) quark propagator /l/l2. This gives a loop integral
of the form
Iξq = −iµ˜2
∫
ddl
(2pi)d
/lF (ni−l, nj−l, l2) = C1/ni− + C2/nj− , (3.58)
with some function F and coefficients Ck. The vertex from L(1)ξq contracts the soft quark
propagator indices with collinear quarks. Therefore we may insert a collinear projector
with respect to i and j to the left and to the right, respectively. This results in
/ni+/ni−
4
Iξq
/nj−/nj+
4
=
/ni+/ni−
4
(C1/ni− + C2/nj−)
/nj−/nj+
4
= 0 . (3.59)
Therefore, generally, there is no one-loop soft-quark exchange mixing
JT1ψ,ξqJ
T1
ψ′,ξq → 0 , (3.60)
for ψ, ψ′ = χ, χ¯,A. Since operators involving only a single L(1)ξq insertion vanish trivially
(the soft quark cannot be connected to different collinear directions at leading power),
this generalizes to
JT1ψ,ξqJ
X1 → 0 , (3.61)
where JX1 can be an arbitrary O(λ) current or time-ordered product. This can be
summarized by
γij
T (P,L(1)k,ξq),Q
= γij
T (P,L(1)k,ξq ,L
(1)
l,ξq),Q
= 0 , (3.62)
for i, j, k, l = 1, . . . , N and arbitrary current operators P,Q. The absence of diagrams
with a soft quark line implies that fermion number is conserved in each collinear sector
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separately up to one-loop and O (λ2), which allows us to classify the next-to-leading
power anomalous dimension according to collinear sectors with definite fermion number.
The vanishing of mixing from soft-quark exchange holds only for massless fermions as
assumed throughout this paper. As an aside, we note that when the fermion mass m is
parametrically of order of the soft scale, /l → /l+m in Eq. (3.58), which adds a term C3m
to the right-hand side of this equation. This term is not projected to zero in Eq. (3.59).
An explicit example of the relevance of soft-fermion exchange can be found in Ref. [26],
where it contributes to the leading logarithm of a power-enhanced electromagnetic effect
in the rare B-meson decay Bs → `+`−. Technically, the basis of O(λ2) suppressed
operators must be extended by mass-suppressed operators JA2i = mJ
A0
i , and the non-
zero mixing is of the form
JT1ψi,ξqJ
T1
ψ′j ,ξq
→ mJA0i JA0j . (3.63)
4 Collinear sector
In the collinear sector it is sufficient to consider a single collinear direction, say i, since
collinear fields corresponding to different directions do not interact with each other. We
categorize different cases by their fermion number Fi and power suppression λ
n. Results
for Fi = −1 can be obtained from Fi = +1 by hermitian conjugation (see App. D for
details). The case Fi = 2 was treated in Ref. [14]. Note that |Fi| ≤ n + 1 since each
additional fermionic building block costs a power of λ relative to the leading power. In
the following we consider the cases Fi = 1 and Fi = 3. Since the time-ordered product
operators inherit their collinear anomalous dimension from the current operators, see
Eq. (2.21), we give only the current-current part of the anomalous dimension matrix
γiPQ.
4.1 O(λ)
At O(λ) Fi = 3 is not possible. For Fi = 1 we find for the collinear anomalous dimension
γiPQ in Eq. (2.17),
γiPQ =
JA1∂χ J
B1
Aχ
JA1∂χ 0 0
JB1Aχ 0 γ
i
Aχ,Aχ
(4.1)
where the non-zero entry is given in App. C of Ref. [14]. The A-type operator JA1∂χ has
matrix elements identical to the leading power operator JA0χ , up to overall factors of
external momenta due to the total derivative. This implies γiJA1JB1 = 0. The diagonal
anomalous dimension of JA1∂χ is already accounted for by the first line of Eq. (2.17), and
therefore also γiJA1JA1 = 0. To show γ
i
JB1JA1 = 0 we compute the matrix element of J
B1
Aχ
for an external state with a single fermion, and find that it vanishes.
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4.2 O(λ2), overview
At O(λ2), we find for Fi = 1
γiPQ =
JA2∂∂χ J
B2
A∂χ J
B2
∂(Aχ) J
C2
AAχ J
C2
χχ¯χ
JA2∂∂χ 0 0 0 0 0
JB2A∂χ 0 (4.7) (4.8) (4.22) (4.30)
JB2∂(Aχ) 0 0 (4.9) 0 0
JC2AAχ 0 0 0 (4.32) (4.33)
JC2χχ¯χ 0 0 0 (4.35) (4.34)
(4.2)
The first row vanishes, which follows from an argument analogous to the O(λ) case.
The non-zero entries of γiPQ point to the equation numbers of the corresponding results
given below. They can be divided into three cases: first, mixing of B-type currents into
B-type currents (middle block); second, mixing of B-type currents into C-type currents
(last two columns of second row); and third, mixing of C-type currents into C-type
currents (lower right block). In the following we discuss these three cases in turn, see
Secs. 4.3 to 4.5.
Let us briefly comment on the remaining zero entries. For the first column, second
row, we compute a matrix element of JB2A∂χ with a single fermion of momentum p and
find that the result is proportional to the off-shell regulator p2. This implies that the
corresponding anomalous dimension vanishes in the on-shell limit.6 The renormalization
of JB2∂(Aχ) is identical to J
B1
Aχ at O(λ) due to the total derivative, which implies the zero
entries in the third row. Finally, as will be discussed in Sec. 4.5, at the one-loop order
considered here, the renormalization of C-type currents can be related to the one of
B-type currents at O(λ). From Eq. (4.1) together with corresponding results found in
Ref. [14] this implies the zero entries in the last two rows.
For Fi = 3 only the single operator J
C2
χχχ exists at O(λ2). The corresponding anoma-
lous dimension is given in Sec. 4.5, see Eq. (4.36).
Before turning to the explicit computation, we comment on the mixing into operators
with gluon building blocks, which requires the calculation of matrix element with external
gluons. We implement the transversality condition  · q = 0 of the polarization vector of
a gluon with momentum q by eliminating ni− through the identity
ni− = −ni+ni−q + 2⊥i · q⊥i
ni+q
. (4.3)
This is consistent with the fact that we do not consider operators containing the building
block ni−A, which can be eliminated by an equation-of-motion identity [14].7 In practice,
the above equation can be simplified. Knowing that ni+A appears only within collinear
6However, a related one-particle reducible diagram with a collinear emission off the external fermion
contributes to the B-to-B mixing, see Sec. 4.3 and diagram (d) in Fig. 10.
7Note that if we first included n−A explicitly and then eliminated it using the equation of motion
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Figure 10: Diagrams contributing to the mixing of B-type currents into B-type currents
in the collinear sector with fermion number Fi = 1.
Wilson lines, it is never necessary to consider diagrams with external ni+A gluons, hence
we can replace
ni− · → −2⊥i · q⊥i
ni+q
. (4.4)
Whenever the operator under consideration does not contain transverse derivatives, the
external transverse momentum q⊥i may be set to zero, in which case the calculation can
be performed from the beginning assuming ni± ·  = 0.
4.3 Mixing of B-type currents into B-type currents
We start with the second row of Eq. (4.2), i.e. the entry for JB2A∂χ(x) → JB2A∂χ(y) and
the mixing JB2A∂χ(x) → JB2∂(Aχ)(y). B-type currents depend only on a single independent
collinear momentum fraction, which we denote by x ≡ xi1 (y ≡ yi1 for the operator
mixed into.) The momentum fraction carried by the second (in the present case, fermion)
building block is x¯ = 1−x and y¯ = 1−y, respectively. In order to extract the anomalous
dimension, we consider a matrix element of JB2A∂χ with an outgoing antiquark and a gluon.
The corresponding collinear one-loop diagrams are shown in Fig. 10. In our convention,
Fi = +1 corresponds to fermion flow directed towards the current, as indicated by the
at the operator level, this would also give a contribution to the mixing into C-type operators JC2AAχ
and JC2χχ¯χ. Here we prefer not to use the building block n−A and its equation of motion explicitly.
Instead, the contribution to mixing into C-type operators that would arise from first introducing and
then eliminating n−A is, in our computation, included in the 1PR diagrams contributing to B-to-C
mixing.
29
arrows. As discussed above, we assume that the polarization vector for the external
gluon satisfies ni+ = 0, and replace ni− according to Eq. (4.4).8
The diagrams can be classified as in Ref. [14]. Loops involving only internal lines
attached to a single collinear building block ((a, i) and (a, ii) in Fig. 10) are responsible
for the contributions to δZc,iPQ(x, y) with k = l in Eq. (2.15), that encompass a double
pole 1/2 and are diagonal with respect to collinear momentum fractions x and y. They
do not contribute to the part γiPQ that is off-diagonal with respect to the momentum
fractions, and proportional to a single power of 1/. For completeness we report the result
for the sum of diagrams (a, i) and (a, ii), added to the tree-level result, and adding also
the contributions from the right-hand side of the renormalization condition (2.12) that
involves field renormalization factors. We denote this particular sum of terms by the
subscript (a),
〈q¯(p)g(q)|JB2A∂χ(x)|0〉(a) = Jq(p2)Jg(q2)
∫
dyδ(x− y)〈q¯(p)g¯(q)|JB2A∂χ(y)|0〉tree , (4.5)
where
Jq(p
2) = 1 +
αsCF
4pi
[
2
2
+
2

ln
(
µ2
−p2
)
+
3
2
]
+O(0) ,
Jg(q
2) = 1 +
αsCA
4pi
[
2
2
+
2

ln
(
µ2
−q2
)]
+O(0) (4.6)
coincide with the leading-power collinear contributions from a single fermionic or gluonic
building block9 [2, 27]. We also introduced an integration over y in order to stress that
contributions from (a, i), (a, ii) and field renormalization are diagonal with respect to
the momentum fractions.
Loops involving internal lines that are attached to the two different building blocks
may change momentum fractions and therefore contribute to γiPQ. In addition, (b, i) and
(b, ii) in Fig. 10 also yield diagonal contributions proportional to δ(x − y) that provide
the terms with k 6= l in (2.15). At O(λ2), as considered here, the one-particle reducible
(1PR) diagram (d) needs to be taken into account. The loop itself is proportional to the
sum of all external momenta squared, which cancels the 1PR propagator, and yields a
non-zero contribution.
Adding all contributions, we find for JB2A∂χ → JB2A∂χ (all results for collinear contribu-
tions γiPQ refer to collinear direction i; we omit the label i of the corresponding light-cone
8One may wonder what is the simplest possible choice for the polarization vector that allows one
to uniquely extract the anomalous dimension. In many cases a polarization vector for which ni± = 0
is sufficient. However, employing a polarization vector with non-zero ni− projection turns out to
be necessary for the present calculation. In particular, in order to be able to extract the anomalous
dimension, it is necessary to choose a matrix element such that the tree-level matrix elements of the
operators JB2Aρ∂σξ and J
B2
∂σ(Aρξ) are non-zero and linearly independent for all possible values of ρ and σ.
This is only the case if we allow for a non-zero value of ni−.
9Note the different normalization of the gluon building block Aµ⊥i compared to Ref. [27] which
explains the different coefficient of the 1/ term in Jg.
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basis vectors and ⊥ projections for brevity here and below)
γiAµ∂νχ,Aρ∂σχ(x, y) = g
µρ
⊥ g
νσ
⊥
αsTi1 ·Ti2
2pi
{
θ(x− y)
[
1
x− y
]
+
+ θ(y − x)
[
1
y − x
]
+
− θ(x− y) x¯+ y¯
y¯2
− θ(y − x)x+ 2y
2y2
}
+
αsTi1 ·Ti2
8pi
Mµν,ρσ(x, y)− αs(CF + Ti1 ·Ti2)
8pi
Nµν,ρσ(x, y)
+
αsCF
8pi
x¯
y¯
(2gµν⊥ − xγµ⊥γν⊥)
(
γρ⊥γ
σ
⊥ +
2y¯
y
gρσ⊥
)
, (4.7)
where, in colour operator notation, CF ≡ 16(1 − 3(Ti1 + Di1) · Ti2), see Ref. [14].10.
The terms in curly brackets arise from diagrams (b, i) and (b, ii), while (b, iii) gives no
contribution. The parts obtained from diagrams (c, i) and (c, ii) are lengthy expressions
encapsulated in the coefficients Mµν,ρσ(x, y) and Nµν,ρσ(x, y), respectively, see App. C.
The last line arises from the 1PR diagram (d). The anomalous dimension also features a
non-trivial Dirac structure, with spinor indices (. . . )αβ corresponding to γ
i
Aµ∂νχα,Aρ∂σχβ
left implicit. Products of four transverse Dirac matrices could be reduced to expressions
with at most two Dirac matrices up to O() terms that correspond to a finite mixing into
evanescent operators. However, we will not perform such simplifications of the anomalous
dimension matrix and do not make use of identities valid only in four dimensions here
and below.
For the operator mixing JB2A∂χ → JB2∂(Aχ) we find
γiAµ∂νχ,∂σ(Aρχ)(x, y) = g
µρ
⊥ g
νσ
⊥
αsTi1 ·Ti2
4pi
θ(y − x)
y2
(y + x)
+
αsTi1 ·Ti2
8pi
Mˆµν,ρσ(x, y)− αs(CF + Ti1 ·Ti2)
8pi
Nˆµν,ρσ(x, y)
+
αsCF
8pi
x¯
[
2x¯gνσ⊥ γ
µ
⊥γ
ρ
⊥ + (2g
µν
⊥ − xγµ⊥γν⊥)
(
γσ⊥γ
ρ
⊥ −
2
y
gρσ⊥
)]
.
(4.8)
Here diagram (c, ii) yields a contribution that has a pole ∝ 1/(x¯ − y), which cancels
when combining with the part of diagram (b, iii) that is proportional to CF + Ti1 ·
Ti2 . The result is collected in the coefficient Nˆ
µν,ρσ(x, y) given in App. C, together
with Mˆµν,ρσ(x, y) obtained from diagram (c, i). The last line contains the remaining
contribution from diagram (b, iii), as well as the contribution from diagram (d).
10The colour operator Db|a〉 = dabc|c〉 involves the symmetric dabc symbol related to the anticommu-
tator of SU(3) Gell-Mann matrices {ta, tb} = 13δab + dabctc.
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Let us now turn to the third row of Eq. (4.2), related to the renormalization of
JB2∂(Aχ). Due to the total derivative, all matrix elements of this operator are identical to
those containing JB1Aχ up to an overall factor containing the sum of external momenta.
This property holds both at tree and loop level. Therefore, as mentioned above, the
corresponding anomalous dimensions are related. From Eq. (4.1) we find that the only
non-zero contribution is given by
γi∂ν(Aµχ),∂σ(Aρχ)(x, y) = g
νσ
⊥ γ
i
Aµχ,Aρχ(x, y) . (4.9)
4.4 Mixing of B-type currents into C-type currents
As discussed before, only the B-type current JB2A∂χ can mix into C-type currents with
three collinear building blocks. We first discuss mixing into JC2AAχ, then into J
C2
χχ¯χ. The
B-type current JB2A∂χ can be described by the single collinear momentum fraction x ≡ xi1
of the gluon building block, with x¯ = 1− x = xi2 for the fermion then being fixed. The
C-type currents are parameterized by two independent momentum fractions, denoted by
y1 ≡ yi1 and y2 ≡ yi2 . The momentum fraction of the last building block is y3 = 1−y1−y2.
According to the renormalization condition Eq. (2.12), the anomalous dimension is then
a function of x, y1 and y2.
4.4.1 Mixing JB2A∂χ(x)→ JC2AAχ(y1, y2)
We consider the matrix element of JB2A∂χ with one outgoing antiquark and two gluons. It
is sufficient to consider external momenta with vanishing ⊥ component (up to a subtlety
for 1PR diagrams, that we will discuss below). As mentioned above, and in contrast to
the mixing into B-type operators, the anomalous dimension can be extracted uniquely
when using gluon polarization vectors with ni± = 0. This is the simplest choice that
leads to a non-zero overlap with JC2AAχ. Then the tree-level matrix element of J
B2
A∂χ
vanishes, because for each diagram the ⊥ derivative contained in the current leads to
terms involving some linear combination of external transverse momenta, which are set
to zero here. A similar argument implies that we do not have to consider diagrams
containing counterterms other than the one we are interested in. In addition, all loops
attached to a single collinear building block (called type-(a) in our notation) vanish,
〈g(q1)g(q2)q¯(p)|JB2A∂χ|0〉(a) = 0 , (4.10)
because all propagators that belong to the loop are attached to a single building block.
The derivative contained in the current is then again turned into a linear combination
of external momenta, and therefore i∂⊥ → 0.
The remaining diagrams can be classified as follows: one-particle irreducible (1PI)
diagrams are derived from the diagrams of type (b) and (c) in Fig. 10 with an additional
gluon emitted off either an internal fermion (quark) line (subscript F ), an internal boson
(gluon) line (B), a vertex (V ), or directly from the operator (J). In addition, there are
1PR diagrams (called type (d) loops), that we will discuss further below. The relevant
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1PI diagrams are shown in Fig. 11. Diagrams that differ only by permutation of the
gluon lines are not included. In addition, when generating the diagrams according to
the procedure described above, it is possible to obtain the same diagram several times.
Accordingly, we omitted equivalent diagrams. For example a potential contribution
(b, iii)J , for which the gluon with momentum q2 is attached to the operator, is already
taken into account by (b, i)V when permuting the gluon lines. In addition, diagrams for
which one of the external gluon lines is attached directly to the Wilson line contained
within the fermionic building block χ are not shown, because they vanish for external ⊥
polarization.
Several of the displayed diagrams are zero due to our choice of external momenta and
polarization vectors:
• In diagram (b, i)J at least one of the external gluons is attached to a Wilson line,
and it therefore vanishes.
• In diagram (b, i)V , since the external gluon line with momentum q1 has ⊥ polar-
ization, the internal gluon line picks up a factor n+ from the Feynman rule for the
gluon building block. When multiplying with the vertex (A.28), one obtains zero.
• Similarly, in diagram (b, ii)J both internal gluons come with factors of n+. The
three-gluon vertex (A.42) contracted as nρ+n
λ
+Qρλσ
∗σ
1⊥ = 0 vanishes.
• In diagram (b, ii)V the internal gluon attached to the fermionic building block
involves a factor n+, and the one to the gluonic building block either n+ or ⊥,
such that there are two possible contractions of the four-gluon vertex (A.52),
nρ+n
λ
+Qρλσκ
∗σ
1⊥
∗κ
2⊥ = 0, n
ρ
+g
µλ
⊥ Qρλσκ
∗σ
1⊥
∗κ
2⊥ = 0 that both vanish.
• Diagram (b, iii)V involves a vertex with two collinear quarks and three collinear
gluons. From the collinear SCET Lagrangian (A.1) one sees that at most two gluon
fields can be transverse, hence in the above vertex at least one gluon comes from
a Wilson line and therefore picks up a factor n+. This has to be the internal line,
since the two external line have ⊥ polarization. Then the n+ multiplied with the
Feynman rule for the gluon building block vanishes.
The left-over diagrams are (b, i)F/B, (b, ii)B, (b, iii)F/B, (c, i/ii)F/V , (c, i)B. In the
limit  → 0 they yield a single 1/ pole and are non-diagonal in momentum fractions
and therefore contribute to the anomalous dimension. Some of them feature a simple pole
singularity in collinear momentum fractions for particular configurations. We checked
that these poles either cancel when adding up all diagrams, or lie outside of the support of
Heaviside functions multiplying them. For example, (c, i)F has a single pole for x¯→ y2,
that cancels with the corresponding pole of a diagram related to (b, iii)B by interchanging
the external gluon lines. Further, (c, ii)F has single poles for x¯ → y2 and x → y3. The
singularity ∝ 1/(y3 − x) cancels with (b, iii)F , and the singularity ∝ 1/(x¯ − y2) with
(c, ii)V . Diagram (c, ii)V has a further singularity ∝ 1/(x¯ − y1) that cancels with the
contribution analogous to (c, ii)F with interchanged external gluon lines. Note that the
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Figure 11: 1PI diagrams contributing to the mixing JB2A∂χ → JC2AAχ of a B- into a C-type
current in the collinear sector with fermion number Fi = 1.
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Figure 12: 1PR diagrams contributing to the mixing JB2A∂χ → JC2AAχ of a B- into a C-type
current in the collinear sector with fermion number Fi = 1.
diagram (c, ii)V remains unchanged when interchanging external gluons, and therefore
one should not add a diagram with permuted external lines in this case.
In addition, as in the previous section, 1PR diagrams for which the 1PR propagator
is cancelled have to be included. The corresponding diagrams are shown in Fig. 12.
Diagrams where external gluons are radiated off the external fermion line vanish for
external momenta without ⊥ component and pure ⊥ polarization, due to the structure
of the SCET vertex (A.27). The only non-zero contributions involving a 1PR fermion
propagator are the last two.
All diagrams except the last one involve a three-gluon vertex. For these diagrams
it is possible to first compute the corresponding diagram without the gluon splitting,
and a single external gluon (using a polarization vector ∗ρ and adjoint colour index a),
which we denote by Mρa∗ρ. We keep all possible polarizations for ∗ρ, including also
the longitudinal component (i.e. ∗ · q 6= 0). The diagram with gluon splitting is then
obtained by the replacement
Mρa∗ρ →Mρa−igs
q2
fdea ((q2 − q1)ρ∗1 · ∗2 − 2∗ρ2 ∗1 · q2 + 2∗ρ1 ∗2 · q1) , (4.11)
where d(e) are the adjoint gluon colour indices for the two external gluons with momenta
q1(q2) and polarization vectors 
∗
1(
∗
2), and we used 
∗
i · qi = 0. Furthermore, q ≡ q1 + q2
denotes the momentum of the 1PR propagator, and p the momentum of the external
outgoing antiquark.
The contribution of the 1PR diagrams to B-to-C mixing corresponds to the divergent
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part which is not already accounted for by the time-ordered product of the 1PI subdia-
gram in on-shell kinematics with the three-gluon interaction. Consistency requires that
this contribution must be local, that is, the 1/q2 from the 1PR gluon propagator must
be cancelled. To extract this contribution, we have to temporarily restore ⊥ components
for the external momenta qi, such that q
2 is independent from the small regulating off-
shellnesses q2i → 0, p2 → 0.11 This allows us to independently take the on-shell limit
q2i , p
2 → 0 at finite q2 and then q2 → 0. In this limit the relevant contribution from the
1PR diagrams becomes independent of the transverse momenta by power counting due
to the homogeneous λ scaling of all expressions. It is therefore possible and convenient
to perform the calculation for the special configuration q1⊥ = −q2⊥ such that q = q1 + q2
has no ⊥ component. The divergent contribution from the time-ordered product of the
1PI subdiagram in on-shell kinematics with the three-gluon interaction vanishes in this
case. The reason is that the 1PI subdiagram in on-shell kinematics must be a B2 oper-
ator, i.e. is proportional to a linear combination of q⊥ or p⊥. Therefore, it vanishes for
the kinematic configuration considered here, analogously to Eq. (4.10). This reduces our
task to evaluating the 1PR diagrams in Fig. 12. The matrix element Mρa =Mρa(q, p)
can be decomposed as
Mρa =M−a n−ρ +M+a n+ρ +M⊥ρa . (4.12)
With qρ =
1
2
n+ qn−ρ+
1
2
n− qn+ρ for q⊥ = 0, we can always re-express the matrix element
in the form
Mρa =MLa qρ + M˜+a n+ρ +M⊥ρa , (4.13)
where
M˜+a =M+a −M−a
q2
(n+q)2
. (4.14)
Then, using that i = i⊥ are assumed to be polarized in the ⊥ direction, gives for the
gluon splitting
Mρa∗ρ → −igs
q2
fdea
((
MLa (q22 − q21) + M˜+a n+(q2 − q1) +M⊥a · (q2 − q1)⊥
)
∗1 · ∗2
− 2∗2 · M⊥a ∗1 · q2⊥ + 2∗1 · M⊥a ∗2 · q1⊥
)
. (4.15)
For M+a , we find that the divergent part of the loop amplitude can be expanded for
small q2 and p2 in the form
M+a =M+(p)a p2 +M+(q)a q2 . (4.16)
At this point we can take the on-shell limit q2i , p
2 → 0 with q2 finite, such that the first
term in the bracket on the right-hand side of Eq. (4.15) vanishes, and M+(p)a in the
11Otherwise one could express q2 = n+qn−(q1 + q2) = n+q (q21/n+q1 + q
2
2/n+q2) in terms of q
2
i , such
that the limit q2i → 0 could not be taken while keeping q2 finite.
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previous equation can be dropped. After that, we can safely perform the limit qi⊥ → 0,
such that we finally arrive at the following rule,
Mρa∗ρ → −igsfdea
(
M+(q)a −
M−a
(n+q)2
)
n+(q2 − q1)∗1 · ∗2 . (4.17)
The 1/q2 factor is manifestly cancelled in this expression, which therefore contributes to
the mixing into a C-type operator.
In summary, we need to compute the matrix elements M±a for quark-gluon final
states, for external momenta with vanishing ⊥ components, and gluon polarization in
the ± directions. This is different from the quark/gluon matrix elements computed in
Sec. 4.3, and therefore we recomputed these diagrams for the required configuration of
momenta and polarization vectors.
We find that the diagrams (d, i) and (d, ii) are proportional to p2/q2 (i.e. onlyM+(p)a
is non-zero), and therefore vanish for p2 → 0. For (d, iii) only M+(q)a is non-zero, i.e. it
gives a contribution to the anomalous dimension. Diagram (d, iv) gives Mρa ∝ (p+ q)2
which can be brought in the form (4.16) using (p+q)2 = n+(p+q)n−(p+q) =
p2
y3
+ q
2
y1+y2
.
For diagrams (d, v) and (d, vi) both M−a and M+(q)a yield non-zero contributions. A
singularity ∝ γν⊥γµ⊥/(y3 − x) cancels in the sum of (d, vi) and (d, iv).
For diagram (d, vii) only M−a is non-zero. Still, the loop gives an additional factor
(p+ q)2, that however cancels with the 1PR fermion propagator. Therefore this diagram
also contributes. Finally, the diagram (d, viii) is special because it does not contain
a three-gluon vertex. A direct computation shows that the 1PR fermion propagator
cancels with a factor (p+ q)2 obtained from the loop integral, similar as for (d, vii).
As discussed before, counterterm diagrams involving A- and B-type operators nec-
essarily involve some powers of external ⊥ momenta, and therefore vanish. The only
non-zero counterterm diagram is therefore the one involving JC2AµAνχ,
〈gd(q1)ge(q2)q¯(p)|JC2AµbAνcχ|0〉tree = g2sei(ti1n+q1+ti2n+q2+ti3n+p)∗µ1 ∗ν2 δbdδcevc
+ (q1, d, 
∗
1 ↔ q2, e, ∗2) , (4.18)
where we made explicit the (adjoint) colour indices for external gluons and gluon building
blocks. After Fourier transformation with respect to the tij (with y3 = 1− y1 − y2),
〈gd(q1)ge(q2)q¯(p)|JC2AµbAνcχ(y1, y2)|0〉tree
= P 3i g
2
sδ(Piy1 − n+q1)δ(Piy2 − n+q2)δ(Piy3 − n+p)∗µ1 ∗ν2 δbdδcevc
+ (q1, d, 
∗
1 ↔ q2, e, ∗2)
= Pig
2
sδ(y1 − yˆ1)δ(y2 − yˆ2)δ(Pi − n+(q1 + q2 + p))∗µ1 ∗ν2 δbdδcevc
+ (q1, d, 
∗
1 ↔ q2, e, ∗2) . (4.19)
Here we defined the momentum fractions yˆ1(2) ≡ n+q1(2)/n+(p+ q1 + q2) via the external
momenta.
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On the other hand, the divergent part of the one-loop matrix element of JB2Aµa∂νξ can
be written in the form
〈gd(q1)ge(q2)q¯(p)|JB2Aµa∂νχ|0〉div1−loop
=
g4s
16pi2
∫ 1
0
dx′ei(ti1x
′+ti2 x¯
′)n+(q1+q2+p)Iµνσλade (x
′, yˆ1, yˆ2)∗σ1 
∗λ
2 vc , (4.20)
which defines the function Iµνσλade (x
′, yˆ1, yˆ2). After Fourier transformation,
〈gd(q1)ge(q2)q¯(p)|JB2Aµa∂νχ(x)|0〉div1−loop
= P 2i
g4s
16pi2
∫ 1
0
dx′δ(Pix− x′n+(q1 + q2 + p))δ(Pix¯− x¯′n+(q1 + q2 + p))
× Iµνσλade (x′, yˆ1, yˆ2)∗σ1 ∗λ2 vc
= Pi
g4s
16pi2
δ(Pi − n+(q1 + q2 + p))Iµνσλade (x, yˆ1, yˆ2)∗σ1 ∗λ2 vc
=
g2s
16pi2
1
2
∫
dy1dy2 I
µνσλ
abc (x, y1, y2) 〈gd(q1)ge(q2)q¯(p)|JC2AσbAλcχ(y1, y2)|0〉tree , (4.21)
where in the last step we used that Iµνσλade (x, y1, y2) = I
µνλσ
aed (x, y2, y1) due to symmetry
under exchange of the two external gluon lines, leading to the additional factor 1/2.
From the last relation we can read off the anomalous dimension,
γiAµa∂νξ,AσdAλeξ(x, y1, y2) = −
αs
8pi
Iµνσλade (x, y1, y2) . (4.22)
From the explicit one-loop results one can read off Iµνσλade (x, y1, y2). The results are
provided in App. C.2.1.
4.4.2 Mixing JB2A∂χ(x)→ JC2χχ¯χ(y1, y2)
For this case we consider the matrix element of the current with three fermions, two
outgoing antiquarks and one outgoing quark, all with external momenta that have van-
ishing ⊥ components. For simplicity we assume that the third fermionic building block
has a different flavour from the first two, and comment on the generalization below.
The relevant 1PI diagrams are shown in Fig. 13. Diagram (3) vanishes, because
the gluon line attached to the fermionic building block (label ti2) picks up a factor n+
from the Wilson line, and this gives zero when multiplied with the two-fermion vertex.
Diagram (1) would become singular for x → y¯3 ≡ y1 + y2, but one can check that the
Heaviside functions obtained from the collinear loop vanish in the domain of the pole
for 0 < yi < 1. Furthermore, a potential singularity for x→ y1 cancels in the sum of (4)
and (6), and for x→ y2 in the sum of (5) and (6).
The relevant 1PR diagrams are similar to the 1PR diagrams shown in Fig. 12 for the
qgg final state. They can be obtained by replacing the three-gluon vertex attached to
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Figure 13: 1PI diagrams contributing to the mixing JB2A∂χ → JC2χχ¯χ of a B- into a C-type
current in the collinear sector with fermion number Fi = 1.
1PR gluon propagator by a fermion-fermion-gluon vertex for diagram (d, i) to (d, vii).
Diagram (d, viii) does not exist for the qq¯q final state. As before, we can infer the
contribution from the matrix element Mρa∗ρ of quark-gluon final states obtained by
cutting the 1PR gluon propagator. For vanishing external ⊥ momenta, taking the g →
q¯q splitting into account amounts to (assuming the same-flavour antiquark and quark
attached to the 1PR propagator have momenta p1 and p2, respectively)
Mρa∗ρ →Mρa−i
q2
u¯c(p2)igst
a
(
nρ− +
/p2⊥γ
ρ
⊥
n+p2
+
γρ⊥/p1⊥
n+p1
− nρ+
/p2⊥/p1⊥
n+p1n+p2
)
/n+
2
vc(p1) ,
(4.23)
where now q = p1+p2 is the momentum through the 1PR propagator. In order to be able
to take the limit p21 → 0 and p22 → 0 with q2 = (p1 + p2)2 finite, we introduce again for
a moment a non-zero ⊥ momentum such that p1⊥ = −p2⊥. Then, as before, the matrix
element Mρa =Mρa(q, p3) is independent of the ⊥ momenta. Using the decomposition
(4.13) we get
Mρa∗ρ → −i
q2
u¯c(p2)igst
a
×
(
2M˜+a +
/p2⊥ /M
⊥
a
n+p2
+
/M⊥a /p1⊥
n+p1
+MLa
(
p21
n+p1
+
p22
n+p2
))
/n+
2
vc(p1) . (4.24)
At this point we can take the limit p2i → 0, and afterwards let the ⊥ momenta go to zero
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again, obtaining
Mρa∗ρ → gs
q2
(
M+(q2)a q2 −M−a
q2
(n+q)2
)
u¯c(p2)t
a/n+vc(p1) , (4.25)
where we used Eqs. (4.14) and (4.16) with p 7→ p3. As for the qgg case, the 1PR
momentum q2 cancels and we obtain a finite result. The result for all 1PR diagrams
(d, i) to (d, vii) can therefore be obtained from the corresponding qgg final state by
replacing
− ifdea(y2 − y1)∗1 · ∗2 7→
1
Pi
u¯c(p2)t
a/n+vc(p1) . (4.26)
The tree-level contribution from the C-type operator is (displaying colour and Dirac
indices and accounting for signs from anticommutations)
〈q¯(p1)q(p2)q¯(p3)|JC2ξβj ξ¯γk ξδl |0〉tree = (−1)e
i(ti1n+p1+ti2n+p2+ti3n+p3)vβcj(p1)u¯
γ
ck(p2)v
δ
cl(p3) .
(4.27)
The loop amplitude for the sum of the 1PI and 1PR diagrams can be written as (we
extract a factor 1/Pi of total collinear momentum for later convenience, for dimensional
reasons, and yˆi ≡ n+pi/n+(p1 + p2 + p3))
〈q¯(p1)q(p2)q¯(p3)|JB2Aµa∂νξαi |0〉
div
1−loop
=
g4s
16pi2
1
Pi
∫ 1
0
dx′ ei(ti1x
′+ti2 x¯
′)n+(p1+p2+p3)Iµναβγδaijkl (x
′, yˆ1, yˆ2)v
β
cj(p1)u¯
γ
ck(p2)v
δ
cl(p3) , (4.28)
which defines the kernel Iµναβγδaijkl (x, yˆ1, yˆ2). After Fourier transformation,
〈q¯(p1)q(p2)q¯(p3)|JB2Aµa∂νξαi (x)|0〉
div
1−loop
= − g
4
s
16pi2
1
Pi
∫
dy1dy2 I
µναβγδ
aijkl (x, y1, y2) 〈q¯(p1)q(p2)q¯(p3)|JC2ξβj ξ¯γk ξδl (y1, y2)|0〉tree .
(4.29)
From this relation, the anomalous dimension can be read off,
γiAµa∂νχαi ,χβj χ¯γkχδl
(x, y1, y2) =
αs
8pi
g2s
1
Pi
Iµναβγδaijkl (x, y1, y2) . (4.30)
The factor g2s is due to our convention for the normalization of the collinear building
blocks, and the factor 1/Pi of the total collinear momentum arises for dimensional rea-
sons. The results for Iµναβγδaijkl (x, y1, y2) are collected in App. C.2.2.
If all fermion building blocks are of the the same flavour, the expression on the right-
hand side needs to be anti-symmetrized with respect to interchanging the first and the
last building block, i.e.
Iµναβγδaijkl (x, y1, y2)→
1
2
[
Iµναβγδaijkl (x, y1, y2)− Iµναδγβailkj (x, y3, y2)
]
, (4.31)
where, as before, y3 = 1− y1 − y2.
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4.5 Mixing of C-type currents into C-type currents
As discussed in Ref. [14], at the one-loop order, this mixing arises from diagrams for
which only two out of the three building blocks of the C-type current are attached to
lines belonging to the loop. Therefore, the anomalous dimension can be obtained from
the one of the corresponding B-type currents at O(λ). We denote the independent
momentum fractions of the first and second collinear building block by x1 ≡ xi1 and
x2 ≡ xi2 , and set x3 = 1− x1 − x2 for the third one. For example, for JC2AAχ x3 denotes
the fraction of collinear momentum carried by the fermion. For the anomalous dimension
that corresponds to JC2AAχ(x1, x2) → JC2AAχ(y1, y2) the momentum fractions y1,2,3 of the
second operator are defined analogously, and we find
γiAµAνχα,AρAσχβ(x1, x2, y1, y2) =
[
1
1− y2 δ(x2 − y2)g
νσ
⊥ γ
i
Aµχα,Aρχβ
(
x1
1− x2 ,
y1
1− y2
)
+
1
1− y1 δ(x1 − y1)g
µρ
⊥ γ
i
Aνχα,Aσχβ
(
x2
1− x1 ,
y2
1− y1
)
+
1
1− y3 δ(x3 − y3)δαβγ
i
AµAν ,AρAσ
(
x1
1− x3 ,
y1
1− y3
)]
sym
. (4.32)
Here the square bracket refers to symmetrization with respect to (y1, ρ, b1)↔ (y2, σ, b2)
where b1 (b2) denotes the adjoint colour index carried by the gluon building block Aρ
(Aσ). These indices are left implicit in the equation above, including a Kronecker symbol
for the colour indices of the two gluon building blocks not contained in γiAµχα,Aρχβ or
γiAνχα,Aσχβ in the first and second line, respectively. A similar statement refers to the
quark fields in the third line and the equations below in this section. Symmetrization
refers here to the average over the expression given in the square bracket, and the
corresponding expression obtained when replacing (y1, ρ, b1) → (y2, σ, b2), i.e. includes
a normalization factor 1/2. The anomalous dimension γiAµAν ,AρAσ will be provided in a
future work dedicated to the case of fermion number Fi = 0.
The mixing JC2AAχ(x1, x2) → JC2χχ¯χ(y1, y2) vanishes if we assume that all fermions in
the latter operator carry a different flavour quantum number. If the fermions χχ¯ are of
the same flavour, and the fermion in the last building block has a different flavour, we
find
γiAµAνχα,χβ χ¯γχδ(x1, x2, y1, y2) = −
1
1− y3 δ(x3 − y3)δαδ γ
i
AµAν ,χ¯γχβ
(
x1
1− x3 ,
y2
1− y3
)
.
(4.33)
Note the minus sign due to the interchange of fermion indices. For γiAµAν ,χ¯γχβ we also
refer to future work on the Fi = 0 case. If all fermions are of the same flavour, the
anomalous dimension can be obtained by antisymmetrizing Eq. (4.33) with respect to
(y1, β, c1) ↔ (y3, δ, c3), where ck denote the fundamental colour indices of the first and
third fermion building block, respectively. As before, antisymmetrization is understood
to include a normalization factor 1/2.
41
For the contribution corresponding to JC2χχ¯χ(x1, x2) → JC2χχ¯χ(y1, y2), we find for the
case where the first and last building blocks carry distinct flavour,
γiχαχ¯βχγ ,χα′ χ¯β′χγ′ (x1, x2, y1, y2) =
1
1− y2 δ(x2 − y2)δββ
′γiχαχγ ,χα′χγ′
(
x1
1− x2 ,
y1
1− y2
)
+
1
1− y1 δ(x1 − y1)δαα
′γiχ¯βχγ ,χ¯β′χγ′
(
x2
1− x1 ,
y2
1− y1
)
+
1
1− y3 δ(x3 − y3)δγγ
′γiχ¯βχα,χ¯β′χα′
(
x2
1− x3 ,
y2
1− y3
)
. (4.34)
Note that the last line requires two fermion permutations leading to the positive sign,
and that even for the case of different flavour quantum numbers three distinct loop
contributions exist that lead to the three terms on the right-hand side. For γiχαχγ ,χα′χγ′
we refer to Ref. [14], and for γiχ¯βχα,χ¯β′χα′ to future work on the Fi = 0 case. If the
flavour of the fermions in the first and last building block are identical, one needs to
antisymmetrize the right-hand side with respect to (y1, β, c1)↔ (y3, δ, c3) as before.
For JC2χχ¯χ(x1, x2) → JC2AAχ(y1, y2) we first provide the result obtained if all fermions
have identical flavour,
γiχαχ¯βχγ ,AµAνχδ(x1, x2, y1, y2) =
1
1− y3 δ(x1 − y3)δαδγ
i
χ¯βχγ ,AµAν
(
x2
1− x1 ,
y1
1− y3
)
− 1
1− y3 δ(x3 − y3)δγδγ
i
χ¯βχα,AµAν
(
x2
1− x3 ,
y1
1− y3
)
. (4.35)
If the first fermion χα has a different flavour from the other two, only the first line
contributes on the right-hand side. If, on the other hand, the third fermion χγ has
a different flavour, only the second line contributes. In this case we do not need to
explicitly symmetrize with respect to interchanging the gluonic building blocks, because
this symmetrization is already taken care of in the anomalous dimension γiχ¯αχβ ,AµAν .
Finally, we discuss the case Fi = 3, where the only the mixing J
C2
χχχ(x1, x2) →
JC2χχχ(y1, y2) is possible. For three fermions with mutually distinct flavour quantum num-
bers, the result has the expected form
γiχαχβχγ ,χα′χβ′χγ′ (x1, x2, y1, y2) =
1
1− y2 δ(x2 − y2)δββ
′γiχαχγ ,χα′χγ′
(
x1
1− x2 ,
y1
1− y2
)
+
1
1− y1 δ(x1 − y1)δαα
′γiχβχγ ,χβ′χγ′
(
x2
1− x1 ,
y2
1− y1
)
+
1
1− y3 δ(x3 − y3)δγγ
′γiχαχβ ,χα′χβ′
(
x1
1− x3 ,
y1
1− y3
)
. (4.36)
If, for example, the first and last fermion have identical flavour the right-hand side needs
to be antisymmetrized with respect to the interchange of the corresponding momentum
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fractions and Dirac as well as colour indices (y1, α
′, c1)↔ (y3, γ′, c3). If all three fermions
have identical flavour, the right-hand side needs to be fully antisymmetrized with respect
to all possible 3! permutations, including a normalization factor 1/6 and a minus sign
for odd permutations, due to fermion anticommutation.
5 Summary
In this work we extended the computation of the one-loop anomalous dimension matrix
of subleading-power N -jet operators started in Ref. [14]. The operator basis can be
characterized by the number and type of collinear building blocks for each of the N
collinear directions. In addition, homogeneous power counting in λ of the anomalous
dimension requires to take into account time-ordered products of N -jet currents with
insertions of the power-suppressed terms L(n) of the SCET Lagrangian. The general
structure of the anomalous dimension matrix (2.17) encompasses universal contributions
that are diagonal with respect to collinear momentum and the type of operators, as
well as off-diagonal contributions. The latter can be divided into a contribution γi that
describes current-current mixing and arises from collinear loops along the i direction, and
γij that captures mixing of time-ordered products into currents. It originates from soft
loops connecting directions i and j, and represents a qualitatively new feature compared
to Ref. [14]. In this work we provide complete results for γi for currents with fermion
number |Fi| = 1, 3 in direction i, and for γij for |Fi| = |Fj| = 1.12 In addition, we find
several general properties of γij:
• Time-ordered products containing a single insertion of L(1) or L(2), or double in-
sertions along a single collinear direction, do not mix into currents. This implies
in particular that γij vanishes at order λ.
• Time-ordered products involving power-suppressed interactions of massless soft
quarks, given by L(1)ξq , also do not mix into currents. As a consequence, fermion
number is conserved separately for every collinear direction in the massless theory.
• For |Fi| = |Fj| = 1, operators containing a product of two time-ordered products
JT1JT1 in directions i and j can only mix into a product of two O(λ) currents
JX1JY 1 with X, Y = A,B, but not into JX2JA0 with X = A,B,C. Thus we
observe that the level of power suppression is also “conserved” along each collinear
direction.
Altogether, non-zero contributions to γij can arise only from time-ordered products con-
taining an insertion of L(1)ξ or L(1)YM along direction i, and another one along direction j.
For the case Fi = Fj = 1 the structure of γ
ij is therefore given by
12Ref. [14] covers the case |Fi| = 2 for γi, while γij vanishes for |Fi| > 1 or |Fj | > 1.
43
γijPQ =
JA1∂χ J
A1
∂χ J
B1
AχJ
A1
∂χ J
A1
∂χ J
B1
Aχ J
B1
AχJ
B1
Aχ J
X2JA0 JA0JX2
JT1χ,ξ J
T1
χ,ξ (3.9) (3.33) (3.33) (3.38) 0 0
JT1χ,YM J
T1
χ,ξ 0 (3.39) 0 (3.40) 0 0
JT1χ,ξ J
T1
χ,YM 0 0 (3.39) (3.40) 0 0
JT1χ,YM J
T1
χ,YM 0 0 0 (3.41) 0 0
JT2 JA0 0 0 0 0 0 0
JT1 JY 1 0 0 0 0 0 0
JT1χ,ξq J
T1 0 0 0 0 0 0
(5.1)
where X = A,B,C and Y = A,B. The non-zero entries refer to the equation numbers
in which the result is given or to which it is related up to interchanging i ↔ j. For
Fi = −1 or Fj = −1 the anomalous dimension is obtained by hermitian conjugation
(see App. D for details). For Fi = −Fj mixing into operators with Fi = Fj = 0 via soft
quark exchange vanishes due to the conservation of fermion number along each collinear
direction as observed above.
Apart from the soft contributions to the anomalous dimension, we provide results for
the collinear part γi. For this part we find that it is sufficient to consider current-current
mixing. Mixing of time-ordered products into currents vanishes in the collinear sector,
while mixing of time-ordered products into themselves is identical to the corresponding
current-current mixing. Furthermore, collinear loops involve only a single collinear direc-
tion, denoted by i. The operator basis for Fi = 1 contains two operators at O(λ) (one A-
and one B-type), and five at O(λ2) (one A-, two B- and two C-type). The corresponding
2 × 2 and 5 × 5 matrices γiPQ are given in Eq. (4.1) and in Eq. (4.2), respectively. The
latter contains non-zero mixings of the form JB2 → JB2, JC2 and JC2 → JC2. Operators
with fermion number Fi = 3 start at O(λ2), see Eq. (4.36).
To complete the one-loop renormalization programme of O(λ2) SCET N -jet opera-
tors, the calculation of the anomalous dimension in the F = 0 sector is required. This
includes the case of gluon jets at leading power and the mixing of two-gluon into quark-
antiquark B1-type operators at the power-suppressed level. Work on this is in progress.
It should then be feasible to consider next-to-leading logarithmic resummation of power
corrections to jet processes of the SCETI type.
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A SCET Feynman rules
A.1 Preliminaries
In this appendix we give explicit expressions for the Feynman rules in the position-space
formulation of SCET [23] up to O(λ2), derived from the multipole-expanded Lagrangian
given in Ref. [24]. The field content consists of collinear quarks (ξ) with scaling ξ ∼ λ,
collinear gluons (Ac) with scaling (n+Ac, Ac⊥, n−Ac) ∼ (1, λ, λ2), soft quarks (q ∼ λ3)
and soft gluons (As ∼ λ2).13 The Lagrangian can be split into a purely bosonic part LYM
and a part involving fermions (denoted by L). Each part can be expanded in powers of
λ [24]
L = ξ¯
(
in−D + i /D⊥
1
in+D
i /D⊥
)
/n+
2
ξ + q¯i /Dsq + L(1)ξ + L(2)ξ + L(1)ξq + L(2)ξq ,
LYM = −1
2
tr
(
F µνc F
c
µν
)− 1
2
tr
(
F µνs F
s
µν
)
+ L(1)YM + L(2)YM , (A.1)
where gsF
µν
c = i [D
µ, Dν ], gsF
µν
s = i [D
µ
s , D
ν
s ] and
Dµ = ∂µ − igsAµc (x)− igsn−As(x−)
nµ+
2
,
Dµs = ∂
µ − igsAµs (x) . (A.2)
The subleading-power interactions at order λn are contained in L(n), which can be split
into interactions involving collinear quarks (L(n)ξ ), collinear and soft quarks (L(n)ξq ), and
soft and collinear gluons only (L(n)YM). For completeness we reprint the power-suppressed
SCET Lagrangian up to O(λ2) from Ref. [24]:
L(1)ξ = ξ¯
(
xµ⊥n
ν
−Wc gsF
s
µνW
†
c
) n/+
2
ξ, (A.3)
L(2)ξ =
1
2
ξ¯
(
(n−x)n
µ
+n
ν
−Wc gsF
s
µνW
†
c + x
µ
⊥x⊥ρn
ν
−Wc
[
Dρs , gsF
s
µν
]
W †c
) n/+
2
ξ
+
1
2
ξ¯
(
iD/⊥
1
in+D
xµ⊥γ
ν
⊥Wc gsF
s
µνW
†
c + x
µ
⊥γ
ν
⊥Wc gsF
s
µνW
†
c
1
in+D
iD/⊥
)
n/+
2
ξ,
(A.4)
L(1)ξq = q¯ W †c iD/⊥ ξ − ξ¯ i
←−
D/⊥Wcq, (A.5)
L(2)ξq = q¯ W †c
(
in−D + iD/⊥ (in+D)
−1 iD/⊥
) n/+
2
ξ + q¯
←−
Dµsx⊥µW
†
c iD/⊥ξ
− ξ¯ n/+
2
(
in−
←−
D + i
←−
D/⊥
(
in+
←−
D
)−1
i
←−
D/⊥
)
Wc q − ξ¯ i
←−
D/⊥Wc x⊥µDµs q. (A.6)
13The soft fields here were called ultrasoft in Ref. [24].
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L(1)YM = tr
(
nµ+F
c
µν⊥Wc i
[
xρ⊥n
σ
−F
s
ρσ,W
†
c [iD
ν⊥Wc]
]
W †c
)
− tr (n+µF µν⊥c Wcnρ−F sρν⊥W †c ) ,
(A.7)
L(2)YM =
1
2
tr
(
nµ+F
c
µν⊥Wc i
[
n−xn
ρ
+n
σ
−F
s
ρσ + x
ρ
⊥x⊥ωn
σ
−
[
Dωs , F
s
ρσ
]
,W †c [iD
ν⊥Wc]
]
W †c
)
− 1
2
tr
(
n+µF
µν⊥
c Wc i
[
xρ⊥F
s
ρν⊥ ,W
†
c in−DWc − in−Ds
]
W †c
)
+ tr
(
F µ⊥ν⊥c Wc i
[
xρ⊥F
s
ρµ⊥ ,W
†
c [iDν⊥Wc]
]
W †c
)
+
1
2
tr
(
nµ+n
ν
−F
c
µνWcn
ρ
+n
σ
−F
s
ρσW
†
c
)− tr (F µ⊥ν⊥c WcF sµ⊥ν⊥W †c )
− tr (n+µF µν⊥c Wcnρ−x⊥σ[Dσs , F sρν⊥]W †c ) . (A.8)
These Lagrangians are exact, i.e. its coefficients are not modified by radiative correc-
tions, neither do radiative corrections induce new operators [23]. We note that interac-
tions among collinear fields, without a soft field, exist only at leading power, while all
subleading-power interactions always contain at least one soft field. The leading-power
soft Lagrangian (second terms in L and LYM, respectively) coincides with the standard
QCD Lagrangian for the soft fields. The leading-power collinear Lagrangian (first terms
in L and LYM, respectively) contains the soft field n−As(x−), evaluated at position
xµ− = n+x
nµ−
2
, (A.9)
only via the n− projection n−D of the covariant derivative. Soft fields that enter in
L(n) are also understood to be evaluated at x−. The soft field entering in the leading-
power collinear Lagrangian via F µνc or n−D is evaluated at x− before taking derivatives,
such that e.g. ∂⊥As(x−) = n+∂As(x−) = 0 vanishes identically. In momentum space
this corresponds to setting k⊥ = n+k = 0 for the soft field. On the contrary, due to
the multipole expansion, soft fields entering in L(n) should be evaluated at x− after
taking derivatives, e.g. F µνs (x−) = (∂
µAνs)(x−) − (∂νAµs )(x−) + . . . or (Dsq)(x−) =
(∂q)(x−)+. . . . In momentum space this means that derivatives acting on soft fields yield
a factor proportional to the full soft momentum kµ including the ⊥ and + components.
Evaluating the soft expressions at x− then implies that k⊥ and n+k should be set to zero
only inside of the momentum-conserving Dirac delta-function at the interaction vertex.
In addition to the Lagrangian presented in Ref. [24] we specify the gauge-fixing
Lagrangian
Lgf = − 1
αc
tr
(
1
2
(n+∂)(n−Ac) +
1
2
(n−Ds)(n+Ac) + ∂⊥A⊥c
)2
− 1
αs
tr (∂As)
2 , (A.10)
with DµsA
ν
c = ∂
µAνc− igs[Aµs (x−), Aνc ]. Using soft background field gauge for the collinear
field in this form ensures that the gauge-fixing term for the collinear gauge symmetry
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preserves the soft gauge symmetry Ac → Us(x−)AcU †s (x−). One may use different gauge-
fixing parameters αs and αc for the soft and collinear gauge symmetry, respectively. We
present Feynman rules for this general choice, but use αc = αs = 1 in our computations.
The corresponding ghost sector reads
LFP = 2 tr [c¯s (−∂µDµs (x)) cs]
+ 2 tr
[
c¯c
(
−1
2
(n+∂)(n−D)− 1
2
(n−Ds(x−))(n+D)− ∂⊥µDµ⊥
)
cc
]
= c¯as
(−∂2δac − gsfabc∂Abs(x)) ccs
+ c¯ac
(
− ∂2δac − gsfabc
[
∂Abc + (n−A
b
s(x−))(n+∂)
]
−1
2
g2sf
adef ebc(n−Ads(x−))(n+A
b
c)
)
ccc . (A.11)
By construction, the gauge-fixing term contributes only at leading power, and this prop-
erty is inherited by the ghost interactions.
At subleading power, the multipole expansion produces terms in the Lagrangian pro-
portional to powers of xµ, which leads to derivatives in momentum space. We explicitly
include the momentum-conservation Dirac delta-functions for x-dependent vertices, us-
ing the notation
Xµ ≡ ∂µ
[
(2pi)4δ(4)
(∑
pin −
∑
pout
)]
,
XµXν ≡ ∂µ∂ν
[
(2pi)4δ(4)
(∑
pin −
∑
pout
)]
, (A.12)
where the derivative ∂ = ∂/∂pin acts on one (arbitrarily chosen) incoming momentum
in the argument of the delta-function, or equivalently on one outgoing momentum, ∂ =
−∂/∂pout. Note that a factor xµ⊥ in the interaction term gives a factor iXµ⊥ in the
Feynman rule, where a projection on the perpendicular component is taken. Following
the discussion above, for soft fields that are evaluated at position x− in the Lagrangian,
the momentum components n+k and k⊥ must be set to zero inside the momentum-
conservation delta-function after the derivatives are taken. Spatial derivatives in the
Lagrangian translate as ∂µ → −ipµ for incoming momentum, and ∂µ → ipµ for outgoing
momentum, as usual.
The gluon propagators take the standard form of general covariant gauge, −i(gµν −
(1 − α)kµkν/k2))/(k2 + iε), with α = αc (αs) for collinear (soft) gluons, the soft quark
propagator is also standard, i/k/(k2 + iε), and the collinear quark propagator is
in+k
k2 + iε
/n−
2
. (A.13)
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A.2 Derivative operators and Wilson lines
To derive Feynman rules, one can use the following expansion of the inverse collinear
derivative operator
1
in+D
=
1
in+∂ + gsn+Ac
=
1
in+∂
− 1
in+∂
gsn+Ac
1
in+∂
+
1
in+∂
gsn+Ac
1
in+∂
gsn+Ac
1
in+∂
− . . . . (A.14)
Inverse collinear derivative operators are always understood with a in+∂ → in+∂ + iε
prescription, such that in momentum space
1
n+p
≡ 1
n+p+ iε
. (A.15)
To expand the collinear Wilson lines we use the identities
1
in+∂
φ(x) = (−i)
∫ 0
−∞
ds φ(x+ sn+) ,
1
in+∂
φ(x)
1
in+∂
φ(x) = (−i)2 1
2
P
∫ 0
−∞
ds1
∫ 0
−∞
ds2 φ(x+ s1n+)φ(x+ s2n+) , (A.16)
where P denotes path ordering with respect to the si. This gives the following expansion
of the collinear Wilson line, which we use to derive Feynman rules
Wc(x) = P exp
[
igs
∫ 0
−∞
ds n+Ac(x+ sn+)
]
= 1−
[
1
in+∂
gsn+Ac
]
+
[
1
in+∂
gsn+Ac
1
in+∂
gsn+Ac
]
− . . . , (A.17)
W †c (x) = 1 +
[
1
in+∂
gsn+Ac
]
+
[
1
in+∂
[
1
in+∂
gsn+Ac
]
gsn+Ac
]
+ . . . ,
where we used Eq. (A.16) for the second-order term. Derivative operators act only
inside square brackets. After inserting these expansions into the SCET Lagrangian, the
Feynman rules can be read off in the standard way. For example, for one (two) incoming
collinear gluon line(s) with momentum k (q), Lorentz index µ(ν) and colour a (b),
Wc →

−gst
an+µ
n+k
one gluon
g2sW
ab
µν(k, q) ≡ g2s
n+µn+ν
n+(k + q)
(
tatb
n+q
+
tbta
n+k
)
two gluons
(A.18)
and
W †c →

gst
an+µ
n+k
one gluon
g2sWˆ
ab
µν(k, q) ≡ g2sW baµν(k, q) two gluons
(A.19)
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A.3 Notation for Yang-Mills Feynman rules
A single collinear gluon with incoming momentum k, Lorentz index µ and colour index
a produces the following terms in the Feynman rules when attached to the operators
shown on the left,
i(n±)ρF ρν⊥c → taf±ν⊥µ (k) ,
i(n+)ρ(n−)νF ρνc → taf+−µ (k) ,
iF ρ⊥ν⊥c → tafρ⊥ν⊥µ (k) , (A.20)
with the definitions
f±ν⊥µ (k) = n
κ
±g
νσ
⊥ (kκgµσ − gµκkσ) = (n±k)δν⊥µ − n±µkν⊥ ,
f+−µ (k) = n
κ
+n
σ
−(kκgµσ − gµκkσ) = (n+k)n−µ − (n−k)n+µ ,
fρ⊥ν⊥µ (k) = g
ρκ
⊥ g
νσ
⊥ (kκgµσ − gµκkσ) = kρ⊥δν⊥µ − kν⊥δρ⊥µ . (A.21)
The three expressions can be written in a compact form by introducing the “projectors”
P+µ ≡ n+µ, P−µ ≡ n−µ, P λ⊥µ ≡ δλ⊥µ ≡ gλν⊥ gνµ on the light-cone basis. Using the notation
FABc ≡ PAµ PBν F µνc as well as
fABµ (k) = P
A
κ P
B
σ (k
κδσµ − kσδκµ) , (A.22)
for A,B ∈ {+,−, λ⊥}, the rules from above can be summarized as
iFAB → tafABµ (k) . (A.23)
Similarly, defining iDA ≡ PAµ iDµ,[
iDAWc
] → gsta 1
n+k
f+Aµ (k) . (A.24)
To lower ⊥ indices we use the convention f±νλ⊥ ≡ f±κ⊥ν gκλ, fνρ⊥λ⊥ ≡ fσ⊥κ⊥ν gσρgκλ.
Two collinear gluons with incoming momenta, labeled by kµa and qνb, respectively,
Lagrangian terms map into Feynman rules as follows:
iFABc → gs[ta, tb]fABµν ,[
iDAWc
] → g2s (PAκ (k + q)κW abµν(k, q)− tatbδAµ nν+n+q − tbtaδAν n
µ
+
n+q
)
,
i[Dω, FABc ] → gs[ta, tb]
(
(k + q)ωfABµν + δ
ω
µf
AB
ν (q)− δων fABµ (k)
)
, (A.25)
where
fABµδ ≡ PAκ PBσ (δκµδσδ − δκδ δσµ) . (A.26)
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A.4 Fermionic Feynman rules
Note: for vertices not containing a momentum-derivative, the standard momentum con-
serving delta-function (2pi)4δ(4) (
∑
pin −
∑
pout) is not written explicitly. Otherwise we
write Xµ as defined above.
A.4.1 Purely collinear or purely soft vertices
← k
p
p′
Aµac
ξ¯
ξ
igst
a

Cµ(p
′, p)
/n+
2
O(λ0)
0 O(λ)
0 O(λ2)
(A.27)
k
ւ
p
տ q
p′
Aµacξ¯
ξ Aνbc
ig2s

Cabµν(p
′, p, k, q)
/n+
2
O(λ0)
0 O(λ)
0 O(λ2)
(A.28)
where
Cµ(p′, p) ≡ nµ− +
/p′⊥
n+p′
γµ⊥ + γ
µ
⊥
/p⊥
n+p
− /p
′
⊥
n+p′
nµ+
/p⊥
n+p
,
Cabµν(p
′, p, k, q) ≡ Γµ(p′) t
atb
n+(p+ q)
Γν(p) + Γν(p
′)
tbta
n+(p+ k)
Γµ(p) ,
Γµ(p) ≡ γµ⊥ −
/p⊥
n+p
nµ+ . (A.29)
← k
p
p′
Aµas
q¯
q
igst
a

γµ O(λ0)
0 O(λ)
0 O(λ2)
(A.30)
We recall that there are no sub-leading power vertices of this type to any order in the λ
expansion.
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A.4.2 Soft-collinear interaction vertices
← k
p
p′
Aµas
ξ¯
ξ
igst
a

/n+
2
n−µ O(λ0)
/n+
2
Xρ⊥n
ν
−(kρgνµ − kνgρµ) O(λ)
Sρν(k, p, p′)
/n+
2
(kρgνµ − kνgρµ) O(λ2)
(A.31)
where
Sρν(k, p, p′) ≡ 1
2
[
(n−X)n
ρ
+n
ν
− + (kX⊥)X
ρ
⊥n
ν
− +X
ρ
⊥
(
/p′⊥
n+p′
γν⊥ + γ
ν
⊥
/p⊥
n+p
)]
. (A.32)
After the derivative in Xρ⊥ is taken, p
′
⊥ can be set to p⊥. (n+p
′ = n+p may be set from
the start.)
k
ւ
p
տ q
p′
Aµasξ¯
ξ Aνbs
ig2s [t
a, tb]

0 O(λ0)
/n+
2
Xρ⊥n
σ
−(gρµgσν − gρνgσµ) O(λ)
Sρσ(k + q, p, p′)
/n+
2
(gρµgσν − gρνgσµ)
+
1
2
/n+
2
Xρ⊥X
σ
⊥n
λ
−
[
gρµ(qσgλν − qλgσν)
−gρν(kσgλµ − kλgσµ)
]
O(λ2)
(A.33)
k
ւ
p
տ q
p′
Aµasξ¯
ξ Aνbc
ig2s

0 O(λ0)
/n+
2
Xρ⊥n
σ
−(kρgσµ − kσgρµ)
n+ν
n+q
[ta, tb] O(λ)[1
2
Xρ⊥
(
Γν(p
′)
γσ⊥
n+(p′ − q)t
bta +
γσ⊥
n+(p+ q)
Γν(p)t
atb
)
+Sρσ(k, p, p′)
n+ν
n+q
[ta, tb]
] /n+
2
(kρgσµ − kσgρµ) O(λ2)
(A.34)
← k
p
p′
Aµac
q¯
ξ
igst
a

0 O(λ0)
Γµ(p) O(λ)[
n−µ + γ⊥µ
/p⊥
n+p
+
n+µ
n+k
p2
n+p
] /n+
2
− (p′X⊥)Γµ(p) O(λ2)
(A.35)
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← k
p
p′
Aµac
ξ¯
q
igst
a

0 O(λ0)
Γµ(p
′) O(λ)
/n+
2
[
n−µ +
/p′⊥
n+p′
γ⊥µ −
n+µ
n+k
(p′)2
n+p′
]
+ (pX⊥)Γµ(p′) O(λ2)
(A.36)
k
ւ
p
տ q
p′
Aµacq¯
ξ Aνbc
ig2s

0 O(λ0)
Wˆ abµν(k, q)/p⊥ +D
ab
µν(k, q) O(λ)
V abµν (p
′, p, k, q)
/n+
2
− (p′X⊥)
[
Wˆ abµν(k, q)/p⊥ +D
ab
µν(k, q)
]
O(λ2)
(A.37)
k
ւ
p
տ q
p′
Aµacξ¯
q Aνbc
ig2s

0 O(λ0)
/p′⊥W
ab
µν(k, q)−Dbaµν(k, q) O(λ)
/n+
2
V¯ abµν (p
′, p, k, q) + (pX⊥)
[
/p
′
⊥W
ab
µν(k, q)−Dbaµν(k, q)
]
O(λ2)
(A.38)
where the second-order contributions W abµν(k, q) and Wˆ
ab
µν(k, q) from the Wilson lines were
defined in Eq. (A.18) and Eq. (A.19), respectively, and
Dabµν(k, q) ≡
n+µ
n+k
γ⊥νtatb +
n+ν
n+q
γ⊥µtbta ,
V abµν (p
′, p, k, q) ≡ tatb
[
− n+µn+ν
n+pn+k
p2
n+p
− γ⊥µ
n+k
Γν(p) +
n+µ
n+k
Cν(−k, p)
]
+ (kµa↔ qνb) ,
V¯ abµν (p
′, p, k, q) ≡ tatb
[
n+µn+ν
n+p′n+q
p′2
n+p′
+ Γµ(p
′)
γ⊥ν
n+q
− n+ν
n+q
Cµ(p
′, q)
]
+ (kµa↔ qνb) . (A.39)
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k
ւ
p
տ q
p′
Aµasq¯
ξ Aνbc
ig2s

0 O(λ0)
0 O(λ)
tbta
n−µn+ν
n+q
/n+
2
− tatbX⊥µΓν(p) O(λ2)
(A.40)
k
ւ
p
տ q
p′
Aµasξ¯
q Aνbc
ig2s

0 O(λ0)
0 O(λ)
−tatb n−µn+ν
n+q
/n+
2
+ tbta Γν(p
′)X⊥µ O(λ2)
(A.41)
A.5 Three gluon vertices
A.5.1 Purely collinear or purely soft vertices
We use the abbreviation
Qµνρ(k, q, p) ≡ gµν(k − q)ρ + gνρ(q − p)µ + gρµ(p− k)ν , (A.42)
for the structure of the standard QCD vertex. The leading-power SCET vertices involv-
ing three collinear gluons or three soft gluons, respectively, are identical to the QCD
vertex:
← k
ր
p
q
ց
Aµac
Aνbc
Aρcc
gsf
abc

Qµνρ(k, q, p) O(λ0)
0 O(λ)
0 O(λ2)
(A.43)
← k
ր
p
q
ց
Aµas
Aνbs
Aρcs
gsf
abc

Qµνρ(k, q, p) O(λ0)
0 O(λ)
0 O(λ2)
(A.44)
A.5.2 Soft-collinear interaction vertices
← k
ր
p
q
ց
Aµas
Aνbc
Aρcc
1
2
gsf
abc

V
(0)
µνρ(k, q, p) O(λ0)
V
(1)
µνρ(k, q, p) O(λ)∑6
i=1 V
(2),i
µνρ (k, q, p) O(λ2)
(A.45)
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where
V (0)µνρ(k, q, p) ≡
[
−2gνρ(n+p) +
(
1− 1
αc
)
(n+νpρ − n+ρqν)
]
n−µ . (A.46)
At O(λ) we find
V (1)µνρ(k, q, p) ≡ V (1),λ⊥νρ (q, p)f−µλ⊥(k) , (A.47)
with
V (1),λ⊥νρ (q, p) ≡ f+σ⊥ν (q)f+ρσ⊥(p)
(
1
n+q
− 1
n+p
)
Xλ⊥ +H
+λ⊥
νρ (q, p)
→ 2
(
(n+p)g⊥νρ + n+νq⊥ρ − n+ρp⊥ν − n+νn+ρ
q⊥p⊥
n+p
)
Xλ⊥ , (A.48)
and
H+λ⊥νρ (q, p) ≡ f+λ⊥ν (q)
n+ρ
n+p
− f+λ⊥ρ (p)
n+ν
n+q
− nσ+(gσνgκρ − gσρgκν)gκλ⊥ . (A.49)
The two terms on the right-hand side of the first line of Eq. (A.48) correspond to the two
terms of L(1)YM in Eq. (A.7). The last line has been obtained using n+p = −n+q, while
p⊥ = −q⊥ has been used only for the term that does not involve X⊥ (which can then be
shown to vanish). At O(λ2) we find six vertex factors that correspond to the six terms
in L(2)YM in Eq. (A.8),
V (2),1µνρ (k, q, p) ≡ V (2),1νρ (q, p)
(−n−Xf+−µ (k) + kX⊥Xλ⊥f−µλ⊥(k)) ,
V (2),2+3µνρ (k, q, p) ≡ V (2),2+3,λ⊥νρ (q, p)Xκ⊥fµκ⊥λ⊥(k) ,
V (2),4µνρ (k, q, p) ≡ V (2),4νρ (q, p)f+−µ (k) ,
V (2),5µνρ (k, q, p) ≡ V (2),5,λ⊥σ⊥νρ (q, p)fµλ⊥σ⊥(k) ,
V (2),6µνρ (k, q, p) ≡ V (2),6,λ⊥νρ (q, p)kX⊥f−µλ⊥(k) , (A.50)
where
V (2),1νρ (q, p) ≡
1
2
f+σ⊥ν (q)f
+
ρσ⊥(p)
(
1
n+q
− 1
n+p
)
→ (n+p)g⊥νρ + n+νq⊥ρ − n+ρp⊥ν − n+νn+ρ
q⊥p⊥
n+p
,
V (2),2+3,λ⊥νρ (q, p) ≡ (q − p)λ⊥gνρ +
pq
n+p
(n+ρδ
λ
⊥ν + n+νδ
λ
⊥ρ)− qρδλ⊥ν + pνδλ⊥ρ
− q
λ
⊥pνn+ρ + p
λ
⊥qρn+ν
n+p
,
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V (2),4νρ (q, p) ≡
1
2
n+νn+ρ
n+p
n−(p+ q) ,
V (2),5,λ⊥σ⊥νρ (q, p) ≡
(
pλ⊥
n+νδ
σ
⊥ρ − n+ρδσ⊥ν
n+p
+ δλ⊥ρδ
σ
⊥ν
)
− (λ↔ σ) ,
V (2),6,λ⊥νρ (q, p) ≡ −
n+νn+ρ
n+p
(p+ q)λ⊥ . (A.51)
Except for the first line we used n+(p+q) = 0 and, for terms without anyX⊥, (p+q)⊥ = 0.
Note that in Eq. (A.50), one should use the expression for V
(2),1
νρ (q, p) from the first line
above in the contribution involving n−X.
A.6 Four gluon vertices
A.6.1 Purely collinear or purely soft vertices
The standard QCD four-gluon vertex is proportional to
Qabcdµνρδ = f
eabf ecd(gµρgνδ − gµδgνρ) + f eacf ebd(gµνgρδ − gµδgρν)
+f eadf ebc(gµνgδρ − gµρgδν) . (A.52)
The leading-power SCET vertices involving four collinear gluons or four soft gluons are
identical to the QCD vertex.
k
ւ
ր
p
տ q
l
ց
AµacA
δd
c
Aρcc Aνbc
− ig2s

Qabcdµνρδ O(λ0)
0 O(λ)
0 O(λ2)
(A.53)
k
ւ
ր
p
տ q
l
ց
AµasA
δd
s
Aρcs Aνbs
− ig2s

Qabcdµνρδ O(λ0)
0 O(λ)
0 O(λ2)
(A.54)
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A.6.2 Soft-collinear interaction vertices
The two collinear–two soft gluon vertex reads
k
ւ
ր
p
տ q
l
ց
AµasA
δd
s
Aρcc Aνbc
−ig2s

1
4
n−µn+νn+ρn−δ
(
1− 1
αc
)(
f eabf ecd + f eacf ebd
) O(λ0)
−1
2
f eadf ebcV
(1)
νρ,λ⊥(q, p)f
−λ⊥
µδ O(λ)
−1
2
f eadf ebc
6∑
i=1
V
(2),i
µνρδ(k, q, p, l) + ∆V
(2),2,abcd
µνρδ (k, q, p, l) O(λ2)
(A.55)
where
V
(2),1
µνρδ (k, q, p, l) ≡ V (2),1νρ (q, p)
[
− n−Xf+−µδ +X⊥λ
(
(k + l)X⊥f
−λ⊥
µδ
+X⊥µf
−λ⊥
δ (l)−X⊥δf−λ⊥µ (k)
)]
,
V
(2),2+3
µνρδ (k, q, p, l) ≡ V (2),2+3νρ,λ⊥ (q, p)X⊥κfκ⊥λ⊥µδ ,
V
(2),4
µνρδ (k, q, p, l) ≡ V (2),4νρ (q, p)f+−µδ +
1
2
n+νn+ρ
n+p
(
n−µf
+−
δ (l)− n−δf+−µ (k)
)
,
V
(2),5
µνρδ (k, q, p, l) ≡ V (2),5νρ,λ⊥σ⊥(q, p)fλ⊥σ⊥µδ ,
V
(2),6
µνρδ (k, q, p, l) ≡ V (2),6νρ,λ⊥(q, p)
(
(k + l)X⊥f
−λ⊥
µδ +X⊥µf
−λ⊥
δ (l)−X⊥δf−λ⊥µ (k)
)
,
(A.56)
with V (2),i(q, p) on the right-hand side defined already for the three-gluon vertices in
Eq. (A.51). The extra term ∆V (2),2 arises from attaching a soft gluon to W †c n−DWc −
n−Ds in the second term in L(2)YM in Eq. (A.8),
∆V
(2),2,abcd
µνρδ (k, q, p, l) ≡
1
4
(
f+λ⊥ν (q)X⊥κf
κ⊥
µλ⊥(k)
n+ρ
n+p
n−δ
+f+λ⊥ρ (p)X⊥κf
κ⊥
δλ⊥(l)
n+ν
n+q
n−µ
)
f eabf ecd + (kµa↔ lδd) .
(A.57)
As before, one should use the expression for V
(2),1
νρ (q, p) from the first line of Eq. (A.51) in
the contribution involving n−X, before the collinear momentum conservation is imposed.
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The three collinear–one soft gluon vertex reads
k
ւ
ր
p
տ q
l
ց
AµasA
δd
c
Aρcc Aνbc
− ig2s

nσ+Q
abcd
σνρδ
n−µ
2
O(λ0)∑2
i=1 V
(1),i,abcd
µνρδ (k, q, p, l) + 5 permutations O(λ)∑6
i=1 V
(2),i,abcd
µνρδ (k, q, p, l) + 5 permutations O(λ2)
(A.58)
In the subleading power vertices one needs to add the terms that are obtained from
permutations of the three collinear gluons. The auxiliary functions are defined by
V
(1),1,abcd
µνρδ (k, q, p, l) ≡ Habcd,+⊥⊥νρδ (q, p, l)X⊥κf−κ⊥µ (k) ,
V
(1),2,abcd
µνρδ (k, q, p, l) ≡ Habcd,+λ⊥νρδ (q, p, l)f−µλ⊥(k) , (A.59)
at O(λ), and at O(λ2)
V
(2),1,abcd
µνρδ (k, q, p, l) =
1
2
Habcd,+⊥⊥νρδ (q, p, l)
[−n−Xf+−µ (k) + kX⊥X⊥κf−κ⊥µ (k)] ,
V
(2),2,abcd
µνρδ (k, q, p, l) =
1
2
Habcd,+λ⊥−νρδ (q, p, l)X
κ
⊥fµκ⊥λ⊥(k) ,
V
(2),3,abcd
µνρδ (k, q, p, l) = −Habcd,λ⊥⊥⊥νρδ (q, p, l)Xκ⊥fµκ⊥λ⊥(k) ,
V
(2),4,abcd
µνρδ (k, q, p, l) = −
1
2
Habcd,+−νρδ (q, p, l)f
+−
µ (k) ,
V
(2),5,abcd
µνρδ (k, q, p, l) = H
abcd,κ⊥λ⊥
νρδ (q, p, l)fµκ⊥λ⊥(k) ,
V
(2),6,abcd
µνρδ (k, q, p, l) = H
abcd,+λ⊥
νρδ (q, p, l)kX⊥f
−
µλ⊥(k) , (A.60)
together with
Habcd,ABCνρδ (q, p, l) ≡ fABν (q)
n+δ
n+l
{
−
(
PCρ + P
C
λ (p+ l)
λ
n+ρ
n+q
)
tr[tb[ta, tctd]]
+
f+Cρ (p)
n+p
(
1
2
f eacf ebd + tr[tb[ta, tdtc]]]
)}
− 1
2
f eacf ebd
fABνδ
2
f+Cρ (p)
n+p
,
Habcd,A⊥⊥νρδ (q, p, l) ≡ Habcd,Aλ⊥σ⊥νρδ (q, p, l)g⊥λσ ,
Habcd,ABνρδ (q, p, l) ≡
n+δ
n+l
[
fABν (q)n+ρtr
[
tbtctatd
n+p
+
tbtctdta + tbtatdtc
n+q
]
+
1
2
f ebcf ead
fABνρ
2
]
.
(A.61)
The traces can be evaluated using
tr[tatbtc] =
1
4
(ifabc + dabc) ,
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tr[tb[ta, tctd]] =
1
4
(f eabf ecd + if eacdebd + if eaddebc) , (A.62)
and (D.3). The additional factor 1/2 in the terms involving fABνδ and f
AB
νρ accounts for
an overcounting that would occur when adding the terms where the collinear gluons are
permuted.
A.7 Ghost vertices
p
p′
Aνbs
c¯as
ccs
gsf
abc

−p′ν O(λ0)
0 O(λ)
0 O(λ2)
(A.63)
p
p′
Aνbc
c¯ac
ccc
gsf
abc

−p′ν O(λ0)
0 O(λ)
0 O(λ2)
(A.64)
p
p′
Aνbs
c¯ac
ccc
gsf
abc

−(n+p)n−ν O(λ0)
0 O(λ)
0 O(λ2)
(A.65)
p
p′
Aδdsc¯
a
c
ccc Aνbc
− ig2sfadef ebc

1
2
n−δn+ν O(λ0)
0 O(λ)
0 O(λ2)
(A.66)
We recall that the ghost Lagrangian contains only leading-power interactions.
A.8 Collinear building blocks
In addition to the Feynman rules derived from the SCET Lagrangian, we also give
Feynman rules for insertions of the collinear building blocks Aρb⊥ tb = [W †c iDρ⊥Wc] and
χβ = W
†
c ξβ.
k
←
AµacAρc⊥ gsδ
ac 1
n+k
f+ρ⊥µ (k) = gsδ
ac
(
δρ⊥µ −
kρ⊥n+µ
n+k
)
(A.67)
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k
ւ
տ
q
Aµac
Aνbc
Aρc⊥ ig
2
sf
abc
(
n+µn+ν(n+kk
ρ
⊥ − n+qqρ⊥)
n+(k + q)n+kn+q
+
n+µδ
ρ
⊥ν
n+k
− n+νδ
ρ
⊥µ
n+q
)
(A.68)
ξαχβ δαβ (A.69)
k
ւ
ξα
Aµac
χβ
gst
an+µ
n+k
δαβ (A.70)
k
ւ
տ
q
ξα
Aµac
Aνbc
χβ g2sWˆ
ab
µν(k, q)δαβ (A.71)
Wˆ abµν(k, q) has been defined in Eq. (A.19).
B Soft master integral
The integral repeatedly referred to in Sec. 3 is given by
I =
−iµ˜4−d
(2pi)d
∫
ddl
1
l2 + iε
1
A1 +B1n1−l + iε
1
A2 +B2n2−l + iε
= −e
γEΓ()
16pi2
pi
sin(pi)
2
B1B2(n1−n2−)
(
B1B2(n1−n2−)µ2
2(A1 + iε)(A2 + iε)
)
= −F × 1
B1−1 (A1 + iε)
× 1
B1−2 (A2 + iε)
= − 1
16pi2
2
B1B2(n1−n2−)
(
1
2
+
1

L+
L2
2
+
pi2
4
+O()
)
, (B.1)
with
F ≡ µ2 e
γEΓ()
16pi2
pi
sin(pi)
(n1−n2−
2
)−1+
,
L ≡ ln
(
B1B2(n1−n2−)µ2
2(A1 + iε)(A2 + iε)
)
. (B.2)
The general version is
I(a1, a2, b1, b2) =
−iµ˜4−d
(2pi)d
∫
ddl
1
l2 + iε
(n1−l)b1
(A1 +B1n1−l + iε)a1
(n2−l)b2
(A2 +B2n2−l + iε)a2
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=
1
(A1 + iε)a1−b1−1B
b1
1
1
(A2 + iε)a2−b2−1B
b2
2
D(a1, b1, )D(a2, b2, )× I
= −F × D(a1, b1, )
(A1 + iε)a1−b1−1+B
b1+1−
1
× D(a2, b2, )
(A2 + iε)a2−b2−1+B
b2+1−
2
, (B.3)
where
D(a, b, ) ≡
min(b,a−1)∑
k=0
(−1)b−k
(
b
k
)
Γ(a− k + − 1)
Γ(a− k)Γ()
= (−1)bΓ(a− b+ − 1)
Γ(a)Γ(− b) . (B.4)
C Auxiliary functions entering the collinear anoma-
lous dimension
C.1 B-to-B mixing
Here we provide results for the coefficient functions entering the collinear anomalous di-
mensions γiAµ∂νχ,Aρ∂σχ(x, y) and γ
i
Aµ∂νχ,∂σ(Aρχ)(x, y) discussed in Sec. 4.3. The coefficients
that are obtained from diagram (c, i) in Fig. 11 are given by
Mµν,ρσ(x, y) ≡ Mµν,ρσ⊥ (x, y)−Mµν,ρσ− (x, y) ,
Mˆµν,ρσ(x, y) ≡ Mˆµν,ρσ⊥ (x, y) +Mµν,ρσ− (x, y) , (C.1)
where M⊥ and Mˆ⊥ arise from contributions proportional to the ⊥ component of the
polarization vector  of the external gluon, while M− captures the contributions obtained
from n−.
Mµν,ρσ⊥ (x, y) ≡ 2a(x, y)
[
2x¯
x
gρσ⊥ g
µν
⊥ − 2gµσ⊥ γν⊥γρ⊥ + gρσ⊥ γν⊥γµ⊥ +
2x¯y
xy¯
gµν⊥ γ
ρ
⊥γ
σ
⊥
+
2
y¯
gµρ⊥ γ
ν
⊥γ
σ
⊥ −
2x¯
y¯
gνρ⊥ γ
µ
⊥γ
σ
⊥
]
+ 2e(x, y)x¯gνσ⊥ g
µρ
⊥
+ 2a(x, y)2
[
4
2x− 1
x
gνσ⊥ g
µρ
⊥ −
4x¯
x
(gρσ⊥ g
µν
⊥ + g
µσ
⊥ g
νρ
⊥ )
− 2 (gνσ⊥ γρ⊥γµ⊥ + gρσ⊥ γν⊥γµ⊥ + gνρ⊥ γσ⊥γµ⊥)
+
2y
x
(gνσ⊥ γ
µ
⊥γ
ρ
⊥ + g
µσ
⊥ γ
ν
⊥γ
ρ
⊥ + g
µν
⊥ γ
σ
⊥γ
ρ
⊥)
]
, (C.2)
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Mˆµν,ρσ⊥ (x, y) ≡ 2a(x, y)
[
2x¯
x
gρσ⊥ g
µν
⊥ +
4x¯
x
gµσ⊥ g
νρ
⊥ +
2(x− y)
x
gµσ⊥ γ
ν
⊥γ
ρ
⊥
+ gρσ⊥ γ
ν
⊥γ
µ
⊥ − 2gµρ⊥ γν⊥γσ⊥
]
− 2d(x, y)x¯gνσ⊥ gµρ⊥
+2c(x, y)
(
− x¯
x
gρσ⊥ g
µν
⊥ −
x¯
x
gµσ⊥ g
νρ
⊥ +
y
2x
(gµν⊥ γ
σ
⊥ + g
µσ
⊥ γ
ν
⊥ + g
νσ
⊥ γ
µ
⊥) γ
ρ
⊥
− 1
2
(gρν⊥ γ
σ
⊥ + g
ρσ
⊥ γ
ν
⊥ + g
νσ
⊥ γ
ρ
⊥) γ
µ
⊥ + g
νσ
⊥ g
µρ
⊥
)
, (C.3)
Mµν,ρσ− (x, y) ≡
4x¯
y
a(x, y)
(
−y + 2x
x
gµν⊥ +
1
2
y − 2x
x¯
γν⊥γ
µ
⊥
)
gρσ⊥ , (C.4)
where we define
a(x, y) ≡ x¯
2y¯
θ(x− y) + x
2y
θ(y − x) ,
c(x, y) ≡ x¯
2
y¯
θ(x− y) + x(x¯y + y − x)
y2
θ(y − x) ,
d(x, y) ≡ x¯
xy¯
θ(x− y) + 1
y
θ(y − x) ,
e(x, y) ≡ − x¯
y¯2
θ(x− y) + x
y2
θ(y − x) . (C.5)
The coefficients that are obtained from diagram (c, ii) and part of (b, iii) in Fig. 11
(see main text for details) are given by
Nµν,ρσ(x, y) ≡ Nµν,ρσ⊥ (x, y)−Nµν,ρσ− (x, y) ,
Nˆµν,ρσ(x, y) ≡ Nˆµν,ρσ⊥ (x, y) +Nµν,ρσ− (x, y) , (C.6)
with contributions from ⊥ and n− analogous to above,
Nµν,ρσ⊥ (x, y) ≡ 2a(x, y¯)
[
− 2x¯
2
xy
(gµρ⊥ g
νσ
⊥ + g
µσ
⊥ g
νρ
⊥ )−
x¯
y
(gνσ⊥ γ
ρ
⊥ + g
νρ
⊥ γ
σ
⊥ + g
ρσ
⊥ γ
ν
⊥) γ
µ
⊥
+ 2gµσ⊥ γ
ν
⊥γ
ρ
⊥ +
x¯
x
(gνσ⊥ γ
µ
⊥γ
ρ
⊥ + g
µσ
⊥ γ
ν
⊥γ
ρ
⊥ + g
µν
⊥ γ
ρ
⊥γ
σ
⊥)−
2x
y¯
gνρ⊥ γ
µ
⊥γ
σ
⊥
+
1
y¯
γργνγµγσ − 2x¯(x¯− y)
xy
gρσ⊥ g
µν
⊥
]
+
θ(y¯ − x)
2y¯2
[
2x
y
(x¯+ y)gνσ⊥ γ
ρ
⊥γ
µ
⊥
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+ (x¯− y)
(
2x
y
(gνρ⊥ γ
σ
⊥ + g
ρσ
⊥ γ
ν
⊥) γ
µ
⊥ +
4x¯
y
(gµρ⊥ g
νσ
⊥ + g
µσ
⊥ g
νρ
⊥ )
− 2 (γµ⊥gνσ⊥ + γν⊥gµσ⊥ ) γρ⊥ +
4x¯
y
gµν⊥ g
ρσ
⊥ − 2gµν⊥ γσ⊥γρ⊥
)]
, (C.7)
Nˆµν,ρσ⊥ (x, y) ≡ 2a(x, y¯)
[
x¯− y − xy
xy
(2gµσ⊥ g
νρ
⊥ − xgνρ⊥ γµ⊥γσ⊥ − ygµσ⊥ γν⊥γρ⊥)
− x¯y¯
x
gµν⊥ γ
ρ
⊥γ
σ
⊥ +
x¯(1 + y)
xy
(
gνσ⊥ (2g
µρ
⊥ − (x+ y)γµ⊥γρ⊥)
+ gρσ⊥ (2(x¯− y)gµν⊥ + xγν⊥γµ⊥)
)
+ γρ⊥γ
ν
⊥γ
σ
⊥γ
µ
⊥
]
− 1
yy¯
θ(y¯ − x)
[
x
(
(x¯− y)gνρ⊥ γσ⊥ +
(
x¯− y + 2y
x
)
gνσ⊥ γ
ρ
⊥
)
γµ⊥
+ (x¯− y)
(
gµσ⊥ (2x¯g
νρ
⊥ − yγν⊥γρ⊥) + gνσ⊥ (2x¯gµρ⊥ − yγµ⊥γρ⊥) + ygµν⊥ γρ⊥γσ⊥
+ gρσ⊥ (2(x¯− y)gµν⊥ + xγν⊥γµ⊥)
)]
, (C.8)
Nµν,ρσ− (x, y) ≡ −
4x¯
y
a(x, y¯)
(
2y¯
x
gµν⊥ − γµ⊥γν⊥
)
gρσ⊥ . (C.9)
C.2 B-to-C mixing
Here we report the explicit results for the contributions to the anomalous dimensions
discussed in Sec. 4.4.
C.2.1 JB2A∂χ(x)→ JC2AAχ(y1, y2)
We list the non-zero results for the kernels Iµνσλade that enter in the anomalous dimension
(4.22) from the various diagrams shown in Fig. 11 and Fig. 12 (plus the ones with
interchanged external gluon lines, if applicable). Notation y = y1 + y2, y¯k = 1 − yk,
y1 + y2 + y3 = 1. We leave the Dirac indices implicit.
Iµνσλade (x, y1, y2)|(b,i)F
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= gµσ⊥ θ(x− y1)
x¯(x¯− y2)
(x− y1)(y2 + y3)
(
γν⊥γ
λ
⊥
x¯
+
γλ⊥γ
ν
⊥
x¯− y2
)
(
θ(x− y¯2) x¯
y2
+ θ(y¯2 − x)x− y1
y3
)
if bdatetb + (y1dσ ↔ y2eλ) , (C.10)
Iµνσλade (x, y1, y2)|(b,i)B
= −1
2
gµσ⊥ θ(x− y1)
x¯
(x− y1)y¯1
(
γν⊥γ
λ
⊥
x¯
(y1 + 2y2 − x)− 4gνλ⊥
)
(
θ(x− y¯3) x¯
y3
+ θ(y¯3 − x)x− y1
y2
)
f cbef bdatc + (y1dσ ↔ y2eλ) , (C.11)
Iµνσλade (x, y1, y2)|(b,ii)B
= −1
2
θ(y − x) 1
y(y − x)
(
2(y2 − y1 − x)
(
gµσ⊥ g
νλ
⊥ − gµν⊥ gσλ⊥
y2
x
)
− gνσ⊥ gµλ⊥ (3y2 + x− y1)
)(
θ(x− y2) x¯− y3
y1
+ θ(y2 − x) x
y2
)
facef bcdtb
+ (y1dσ ↔ y2eλ) , (C.12)
Iµνσλade (x, y1, y2)|(b,iii)F
=
1
2
x¯(x¯− y2)
(
γν⊥γ
λ
⊥
x¯
+
γλ⊥γ
ν
⊥
x¯− y2
)
te
(
γµ⊥γ
σ
⊥t
atd
y1 + y3
+
γσ⊥γ
µ
⊥t
dta
y3 − x
)
(
θ(x− y¯2) x¯
y2
+ θ(y¯2 − x) x
y¯2
)
+ (y1dσ ↔ y2eλ) , (C.13)
Iµνσλade (x, y1, y2)|(b,iii)B
=
ifabe
2
x¯
(
θ(x− y2) x¯
y¯2
+ θ(y2 − x) x
y2
)
{(
2gνλ⊥ γ
µ
⊥γ
σ
⊥ − 2
y2
x
gµν⊥ γ
λ
⊥γ
σ
⊥ −
1 + y2
x¯
gµλ⊥ γ
ν
⊥γ
σ
⊥
)
tbtd
y1 + y3
+
(
2gνλ⊥ γ
σ
⊥γ
µ
⊥ − 2
y2
x
gµν⊥ γ
σ
⊥γ
λ
⊥ − gµλ⊥ γσ⊥γν⊥
) tdtb
y2 + y3 − x
}
+ (y1dσ ↔ y2eλ) ,
(C.14)
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Iµνσλade (x, y1, y2)|(c,i)F
= x¯(x¯− y2)
{
1
4
[
− θ(x¯− y2)θ(y¯1 − x¯) x¯
2y¯2 + x
2y¯1 − y¯2y¯1
y¯2y3y¯1
+ θ(y2 − x¯)θ(x¯) x¯
2
y2y¯1
+ θ(x)θ(x¯− y¯1) x
2
y¯2y1
][(
γν⊥γ
λ
⊥
x¯
+
γλ⊥γ
ν
⊥
x¯− y2
)(
γσ⊥γ
µ
⊥
x¯− y2
+ 2gµσ⊥
x¯− y2 − x
x(x¯− y2) −
y1
x(x¯− y2)γ
µ
⊥γ
σ
⊥
)
+
(
γσ⊥γ
λ
⊥
x¯
+
γλ⊥γ
σ
⊥
x¯− y2
)(
γν⊥γ
µ
⊥
x¯− y2 +
2gµν⊥
x
)
+
(
gνσ⊥ γ
λ
⊥γ
µ
⊥ −
y1
x
γλ⊥γ
σ
⊥g
µν
⊥
) 2
(x¯− y2)2 +
(
γµ⊥γ
λ
⊥
x¯
+
γλ⊥γ
µ
⊥
x¯− y2
)(
2gνσ⊥
x
− y1γ
ν
⊥γ
σ
⊥
x(x¯− y2)
)]
+
1
2
[
θ(x¯− y2)θ(y¯1 − x¯)xy¯1 − x¯y¯2
y¯2y3y¯1
+ θ(y2 − x¯)θ(x¯) x¯
y2y¯1
− θ(x)θ(x¯− y¯1) x
y¯2y1
]
gµσ⊥
(
γν⊥γ
λ
⊥
x¯
+
γλ⊥γ
ν
⊥
x¯− y2
)}
(−ifabd)tetb + (y1dσ ↔ y2eλ) , (C.15)
Iµνσλade (x, y1, y2)|(c,i)B
= x¯
{[
− θ(x− y2)θ(y¯3 − x)x
2y¯2 + x¯
2y¯3 − y¯2y¯3
y¯2y1y¯3
+ θ(y2 − x)θ(x) x
2
y2y¯3
+ θ(x¯)θ(x− y¯3) x¯
2
y¯2y3
][
1
2
gνλ⊥
(
γσ⊥γ
µ
⊥
x¯
+
2gµσ⊥
xx¯
(x¯− x)
)
+
1
2
gνσ⊥
(
γλ⊥γ
µ
⊥
x¯
+
gµλ⊥ (2x¯− x)
xx¯
)
+
1
2
gλσ⊥
(
γν⊥γ
µ
⊥
x¯
+
2gµν⊥ (x¯+ y2)
xx¯
)
+
x− y1
2xx¯
gµλ⊥ γ
ν
⊥γ
σ
⊥
− y1
2xx¯
(
gνλ⊥ γ
µ
⊥γ
σ
⊥ + g
µν
⊥ γ
λ
⊥γ
σ
⊥
)− y2
2xx¯
(
gµν⊥ γ
σ
⊥γ
λ
⊥ + g
νσ
⊥ γ
µ
⊥γ
λ
⊥ + g
µσ
⊥ γ
ν
⊥γ
λ
⊥
) ]
+
1
2
[
θ(x− y2)θ(y¯3 − x) x¯y¯3 − xy¯2
y¯2y1y¯3
+ θ(y2 − x)θ(x) x
y2y¯3
− θ(x¯)θ(x− y¯3) x¯
y¯2y3
]
[
− 2gνλ⊥ gµσ⊥ +
2y2
x
gµν⊥ g
λσ
⊥ − gµλ⊥ gνσ⊥ − gµλ⊥ γν⊥γσ⊥
x− y1
x¯
]}
fabef bcdtc + (y1dσ ↔ y2eλ) ,
(C.16)
Iµνσλade (x, y1, y2)|(c,i)V
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=
1
2
x¯
[ (
f cabf cde − f caef cbd) gµσ⊥ γν⊥γλ⊥
x¯
+
(
f cabf ced − f cadf cbe) gµλ⊥ γν⊥γσ⊥
x¯
+
(
f cadf cbe + f caef cbd
)
gλσ⊥
(
2gµν⊥
x
+
γν⊥γ
µ
⊥
x¯
)]
tb
(
θ(x− y) x¯
y¯
+ θ(y − x)x
y
)
, (C.17)
Iµνσλade (x, y1, y2)|(c,ii)F
= −1
8
x¯(x¯− y2)(y3 − x)
{[
− θ(x− y3)θ(y¯2 − x)
x2y¯3 + x¯
2y¯2 − y¯3y¯2
y¯3y1y¯2
+ θ(y3 − x)θ(x) x
2
y3y¯2
+ θ(x¯)θ(x− y¯2) x¯
2
y¯3y2
]
[
2
x
(
γν⊥γ
λ
⊥
x¯
+
γλ⊥γ
ν
⊥
x¯− y2
)(
γµ⊥γ
σ
⊥
x¯− y2 +
γσ⊥γ
µ
⊥y3
(y3 − x)2
)
+2
(
γλ⊥γ
σ
⊥
(x¯− y2)2 +
γσ⊥γ
λ
⊥
x¯(y3 − x)
)(
2gµν⊥
x
+
γν⊥γ
µ
⊥
y3 − x
)
+
(
γρ⊥γ
λ
⊥
x¯
+
γλ⊥γ
ρ
⊥
x¯− y2
)(
γν⊥γ
σ
⊥
x¯− y2 +
γσ⊥γ
ν
⊥
y3 − x
)(
2gµρ⊥
x
+
γρ⊥γ
µ
⊥
y3 − x
)]}
tetdta
+ (y1dσ ↔ y2eλ) , (C.18)
Iµνσλade (x, y1, y2)|(c,ii)V =
1
2
x¯(y3 − x)
(
γσ⊥γ
λ
⊥t
dte
x¯− y1 +
γλ⊥γ
σ
⊥t
etd
x¯− y2
)(
2gµν⊥
x
+
γν⊥γ
µ
⊥
y3 − x
)
ta(
θ(x− y3) x¯
y¯3
+ θ(y3 − x) x
y3
)
, (C.19)
Iµνσλade (x, y1, y2)|(d,iii) =
1
2
θ(y − x)y − x
y3
f cbafdectbgµν⊥ (y1 − y2)gλσ⊥ , (C.20)
Iµνσλade (x, y1, y2)|(d,iv) =
1
2
xx¯
x¯− yγ
ν
⊥γ
µ
⊥if
debtbta
y1 − y2
y
gλσ⊥ , (C.21)
Iµνσλade (x, y1, y2)|(d,v)
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= x¯
{
γν⊥γ
µ
⊥
2x¯y2
(
θ(x− y) x¯(x− y + xy)
y¯
+ θ(y − x)x(2x− 2y + xy)
y
)
+ gµν⊥
(
(x+ y + xy)x¯
xy2y¯
θ(x− y)
+
x(3− 4x) + y(2xx¯+ 1)
2x¯y3
θ(y − x)
)}
f bacfdebtc (y1 − y2)gλσ⊥ , (C.22)
Iµνσλade (x, y1, y2)|(d,vi)
=
1
2
(
2
x
gµν⊥ +
1
x¯− yγ
ν
⊥γ
µ
⊥
)
(
θ(x− y¯) x¯
2
y3
(2x¯− (2 + x)y) + θ(y¯ − x) x¯x(x¯− y − xy)
y¯y2
)
ifdebtbta (y1 − y2)gλσ⊥ ,
(C.23)
Iµνσλade (x, y1, y2)|(d,vii) =
1
2
xx¯2
(
2
x
gµν⊥ +
1
x¯
γν⊥γ
µ
⊥
)
(−ifdeb)tatb y1 − y2
y2
gλσ⊥ , (C.24)
Iµνσλade (x, y1, y2)|(d,viii)
= −1
2
xx¯2
(
2
x
gµν⊥ +
1
x¯
γν⊥γ
µ
⊥
)
ta
(
γσ⊥γ
λ
⊥t
dte
y3 + y2
+
γλ⊥γ
σ
⊥t
etd
y3 + y1
)
. (C.25)
C.2.2 JB2A∂χ(x)→ JC2χχ¯χ(y1, y2)
We list the non-zero results for the kernels Iµναβγδaijkl (x, y1, y2) that enter in the anomalous
dimension (4.30) from the various diagrams shown in Fig. 13 and for the 1PR diagrams
corresponding to all but the last diagrams in Fig. 12, with the three-gluon vertex replaced
by a fermion-fermion-gluon vertex, as discussed in the main text. We assume that the
fermion attached to the last building block has a different flavour from the first two,
i.e. we do not add diagrams with permutated external legs here. Notation y¯k = 1− yk,
y1 + y2 + y3 = 1.
Iµναβγδaijkl (x, y1, y2)|(1)
= −1
2
θ(y¯3 − x)
(
θ(x− y2) y¯3 − x
y1
+ θ(y2 − x) x
y2
)
x− y2
y¯3(y¯3 − x)δ
αδtbil
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(tatb)kj
[(
2gµν⊥
x
+
γµ⊥γ
ν
⊥
y2 − x
)
/n+
]βγ
− (y1, β, j ↔ y3, δ, l) , (C.26)
Iµναβγδaijkl (x, y1, y2)|(2)
=
1
2
θ(y¯3 − x)
(
θ(x− y1) y¯3 − x
y2
+ θ(y1 − x) x
y1
)
x− y1
y¯3(y¯3 − x)δ
αδtbil
(tbta)kj
[(
2gµν⊥
x
+
γν⊥γ
µ
⊥
y1 − x
)
/n+
]βγ
− (y1, β, j ↔ y3, δ, l) , (C.27)
Iµναβγδaijkl (x, y1, y2)|(4)
=
1
8x
tbil(t
bta)kj
{
y1 + x
y1 − x [γ
ν
⊥γ
ρ
⊥]
αδ[γρ⊥γ
µ
⊥/n+]
βγ
+ [γµ⊥γ
ρ
⊥]
αδ[γρ⊥γ
ν
⊥/n+]
βγ + gµν⊥ [γ
κ
⊥γ
ρ
⊥]
αδ[γρ⊥γ
κ
⊥/n+]
βγ
}
{
− θ(x− y1)θ(y¯3 − x)x
2y¯1 + x¯
2y¯3 − y¯1y¯3
y¯1y2y¯3
+ θ(y1 − x)θ(x) x
2
y1y¯3
+ θ(x¯)θ(x− y¯3) x¯
2
y¯1y3
}
− (y1, β, j ↔ y3, δ, l) , (C.28)
Iµναβγδaijkl (x, y1, y2)|(5)
= − 1
8x
tbil(t
atb)kj
{
y2 + x
y2 − x [γ
ν
⊥γ
ρ
⊥]
αδ[γµ⊥γ
ρ
⊥/n+]
βγ
+ [γµ⊥γ
ρ
⊥]
αδ[γν⊥γ
ρ
⊥/n+]
βγ + gµν⊥ [γ
κ
⊥γ
ρ
⊥]
αδ[γκ⊥γ
ρ
⊥/n+]
βγ
}
{
− θ(x− y2)θ(y¯3 − x)x
2y¯2 + x¯
2y¯3 − y¯2y¯3
y¯2y1y¯3
+ θ(y2 − x)θ(x) x
2
y2y¯3
+ θ(x¯)θ(x− y¯3) x¯
2
y¯2y3
}
− (y1, β, j ↔ y3, δ, l) , (C.29)
Iµναβγδaijkl (x, y1, y2)|(6)
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= −1
4
tbil
(
θ(x− y¯3) x¯
y3
+ θ(y¯3 − x) x
y¯3
)
[γν⊥γ
ρ
⊥]
αδ
[(
(tatb)kj
x− y2 γ
µ
⊥γ
ρ
⊥ +
(tbta)kj
y1 − x γ
ρ
⊥γ
µ
⊥
)
/n+
]βγ
− (y1, β, j ↔ y3, δ, l) , (C.30)
Iµναβγδaijkl (x, y1, y2)|(d,iii) =
i
2
θ(y¯3 − x) y¯3 − x
y¯33
f cbatckjt
b
ilg
µν
⊥ δ
αδ/nβγ+
−(y1, β, j ↔ y3, δ, l) , (C.31)
Iµναβγδaijkl (x, y1, y2)|(d,iv) = −
1
2
xx¯
x¯− y¯3 (γ
ν
⊥γ
µ
⊥)
αδtbkj(t
bta)il
1
y¯3
/nβγ+
−(y1, β, j ↔ y3, δ, l) , (C.32)
Iµναβγδaijkl (x, y1, y2)|(d,v)
= ix¯
{
(γν⊥γ
µ
⊥)
αδ
2x¯y¯23
(
θ(x− y¯3) x¯(x− y¯3 + xy¯3)
y3
+ θ(y¯3 − x)x(2x− 2y¯3 + xy¯3)
y¯3
)
+ δαδgµν⊥
(
(x+ y¯3 + xy¯3)x¯
xy¯23y3
θ(x− y¯3)
+
x(3− 4x) + y¯3(2xx¯+ 1)
2x¯y¯33
θ(y¯3 − x)
)}
f bactbkjt
c
il/n
βγ
+ − (y1, β, j ↔ y3, δ, l) ,
(C.33)
Iµναβγδaijkl (x, y1, y2)|(d,vi)
= −1
2
(
2
x
δαδgµν⊥ +
1
x¯− y¯3 (γ
ν
⊥γ
µ
⊥)
αδ
)
(
θ(x− y3) x¯
2
y¯33
(2x¯− (2 + x)y¯3) + θ(y3 − x) x¯x(x¯− y¯3 − xy¯3)
y3y¯23
)
tbkj(t
bta)il/n
βγ
+
−(y1, β, j ↔ y3, δ, l) , (C.34)
Iµναβγδaijkl (x, y1, y2)|(d,vii)
=
1
2
xx¯2
(
2
x
δαδgµν⊥ +
1
x¯
(γν⊥γ
µ
⊥)
αδ
)
tbkj(t
atb)il
1
y¯23
/nβγ+ − (y1, β, j ↔ y3, δ, l) . (C.35)
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D Anomalous dimension of hermitian conjugated op-
erators
In this appendix we collect rules for translating the anomalous dimensions given in the
main text to operators for which all fermion building blocks χil = W
†
i ξi(tilni+) are
replaced by χ¯il = ξ¯iWi(tilni+), and vice versa, for 1 ≤ l ≤ ni and all collinear directions
1 ≤ i ≤ N . We comment later on the case when only building blocks belonging to a
single collinear direction are flipped. For a general N -jet operator JP (x) (in collinear
momentum space) we denote the corresponding operator transformed in this way by
JP¯ (x). Note that gluon building blocks A⊥i and the sign of partial derivatives i∂⊥i
are not changed. We also leave the ordering of (fermionic) operators the same. For
example, for an operator JP = J
B2
A1∂χ1(x) × χ2 ×
∏
j>2Aj with gluonic leading-power
operators in directions j = 3, 4, . . . , N , a fermionic leading power building block in
direction 2, and the λ2-suppressed operator JB2A1∂χ1(x) = Aµ⊥11(x)i∂ν⊥1χ12(x¯) in direction
1, one has JP¯ = J
B2
A1∂χ¯1(x)×χ¯2×
∏
j>2Aj, where JB2A1∂χ¯1(x) = Aµ⊥11(x)i∂ν⊥1χ¯12(x¯). For the
moment we consider both JP and JQ to be current operators, and comment on operators
containing time-ordered products further below.
The renormalization factor δZP¯ Q¯(x, y) is obtained from δZPQ(x, y) by the operations
summarized below. The same rules apply to the corresponding anomalous dimensions
ΓP¯ Q¯(x, y) and ΓPQ(x, y). These relations can be obtained by interpreting Eq. (2.12) as
an operator-valued equation, and applying a hermitian conjugation with respect to the
Dirac and colour indices of the fermionic building blocks (i.e. the colour indices referring
to the 3 and 3¯ representations of SU(3)c). For the spin structure, one needs to multiply
the resulting equation with γ0 for each open Dirac index and use γ0(γµ)†γ0 = γµ. In
addition, one needs to take into account the sign factors and ordering of fermionic field
operators in the relation between JP¯ and J
†
P , and analogously for JQ¯, which leads to the
factors of (−1) appearing below.
Spin and space-time structure:
• Reverse ordering within strings of γ matrices acting on the same fermionic collinear
building block (for any m ≥ 2 and i = 1, . . . , N),
γµ1⊥iγ
µ2
⊥i · · · γµm⊥i → γµm⊥i · · · γµ2⊥iγµ1⊥i . (D.1)
Note that when leaving Dirac indices implicit in the anomalous dimension, the
products of γ matrices are understood to act from the left on χil and from the
right on χ¯il , as usual. As mentioned above, the case m > 2 could be reduced to
linear combinations of terms with m ≤ 2. However, in our results, we find it more
convenient to keep also terms with m > 2.
• Factor of (−1)dP+dQ , where dP denotes the number of partial derivatives i∂⊥j con-
tained in JP (for j = 1, . . . , N), and dQ in JQ. This factor arises because of our
convention for the operator basis, and because e.g. i∂⊥iχ¯il = −(i∂⊥iχil)†γ0.
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• Additional factor of (−1)aP+aQ , where aP denotes the number of fermion anticom-
mutations required to bring the fermionic building blocks in J†P into the same order
as in JP¯ (we use an operator basis in which building blocks appear in ascending
order with respect to the collinear directions i = 1, . . . , N , and with respect to the
building block labels i1, i2, . . . in each direction).
For example, for the collinear contributions γiPQ to the anomalous dimension for Fi = 1
at order λ2 (see Eq. (4.2)), one has dP = 1, aP = 0, dQ = 0, aQ = 0 for B-to-C mixing
with P = Aµi1i∂ν⊥iχi2 and Q = Aµi1Aνi2χi3 , contributing a factor of (−1) to γiP¯ Q¯, where
P¯ = Aµi1i∂ν⊥iχ¯i2 and Q¯ = Ai1Ai2χ¯i3 . For the same P but Q = χi1χ¯i2χi3 one has dP =
1, aP = 0, dQ = 0, aQ = 3, such that the factors of (−1) due to the derivative and
the fermion reordering compensate each other (note that Q¯ = χ¯i1χi2χ¯i3). For all other
contributions in Eq. (4.2), both dP + dQ and aP + aQ are even.
Colour structure: The colour structure can be expressed either in terms of the usual
SU(3)c generators t
a = 1
2
λa with Gell-Mann 3 × 3 matrices λa (acting on the colour
index of fermionic building blocks), as well as factors of ifabc, or alternatively using
colour space operators. In the first case:
• Reverse ordering of generators acting on the same fermionic collinear building block
(for any m ≥ 2),
ta1ta2 · · · tam → tam · · · ta2ta1 . (D.2)
As for Dirac indices, the corresponding 3× 3 matrices are understood to act from
the left on χi and from the right on χ¯i.
• Sign flip ifabc → −ifabc.
Products of generators can equivalently be reduced to a linear combination of the tc and
the 3× 3 unit matrix using (iteratively) the relation
tatb = ifabctc +
1
3
δab + dabctc . (D.3)
In this case the replacement rules are ifabc → −ifabc and dabc → dabc.
Colour operator notation for the collinear building block l in direction i can be
obtained by using taχil = −Tailχil , χ¯ilta = Tailχ¯il , −ifabcAµc⊥il = TbilA
µa
⊥il . When several
generators act on the same fermionic building block, using the second relation iteratively
reverses the order. For example, χ¯ilt
atb = TbilT
a
il
χ¯il . This compensates the change in
the ordering due to hermitian conjugation. Therefore, in colour operator notation, the
ordering of colour operators in δZP¯ Q¯(x, y) and δZPQ(x, y) is identical. However, the
definition of the colour operator contains a different sign for χil and χ¯il , respectively.
When δZP¯ Q¯(x, y) is expressed in colour operator notation, this leads to a sign flip for
every colour space operator acting on fermionic fields. In addition, for the (hermitian)
gluonic building block, the sign flip ifabc → −ifabc obtained from hermitian conjugation
is inherited by the corresponding result expressed in terms of colour space operators Tail .
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Finally, the colour operator Dail acts only on gluonic building blocks, and is defined by
dabcAµc⊥il = DbilA
µa
⊥il [14]. Inspection of Eq. (D.3) shows that, when translating to colour
operator space notation, also this operator is odd. Therefore, the rules from above
translate to colour operator notation in the following way:
• No change in ordering of colour operators.
• Sign flip Tail → −Tail for all colour space operators acting on both fermionic and
gluonic building blocks.
• Sign change of the symbol (Ti1 ×Ti2)a = ifabcTbi1Tci2 → −(Ti1 ×Ti2)a introduced
in Ref. [14].
• Sign change for the colour operator Dail → −Dail .
• Sign flip ifabc → −ifabc for remaining factors of ifabc that have not been expressed
in terms of colour space operators.
The rules given above can be used in order to translate the collinear contributions γi for
operators with Fi = 1, 2, 3 to those with Fi = −1,−2,−3. Note that, since γiPQ does not
depend on collinear directions j 6= i, the rules from above can also be used to obtain γi
P¯ Q¯
from γiPQ for the case in which P¯ (Q¯) is related to P (Q) by flipping the fermion number
in direction i only, while leaving the contributions to the N -jet operator from all other
directions untouched.
For the soft contributions γijPQ we need to consider operators JP involving time-
ordered products with insertions of the power-suppressed Lagrangian iL(1) and iL(2).
We define the operator JP¯ analogously as above, i.e. by replacing all fermionic building
blocks χil → χ¯il , but no changes otherwise. Due to the time-ordered product JP¯ cannot
be related to J†P up to sign factors, since hermitian conjugation would turn time- into
anti-time-ordering. Nevertheless, we find that γij
P¯ Q¯
can be obtained from γijPQ using the
identical set of rules as for the current-current mixing given above.14
For the soft contributions γijPQ for Fi = Fj = 1 summarized in Eq. (5.1), the rules
from above can therefore be used to obtain the anomalous dimension for Fi = Fj = −1.
For example, all entries of γijPQ with P =
(
JT1χ,ξ
)
i
(
JT1χ,ξ
)
j
can be obtained by applying the
replacement rules to Eq. (3.35), giving the operator mixing(
JT1χ¯α,ξ
)
i
(
JT1χ¯β ,ξ
)
j
→ −2αs
pi
Gijλκ
×
[
Tai J
A1
∂λχ¯α
− 1
2
∫
dy
(
γµ⊥iγ
λ
⊥i +
γλ⊥iγ
µ
⊥i
y¯
)
γα
TbiT
a
i J
B1
Abµχ¯γ (y)
]
i
14This can be understood when using an alternative description of operator mixing, based on the
“interaction picture” for which also the power-suppressed contributions to the Lagrangian are kept in
the time-evolution operator. This is not our preferred option because it allows current operators to mix
into currents with a higher level of power suppression.
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×
[
TajJ
A1
∂κχ¯β
− 1
2
∫
dy′
(
γν⊥jγ
κ
⊥j +
γκ⊥jγ
ν
⊥j
y¯′
)
δβ
TcjT
a
jJ
B1
Acν χ¯δ(y
′)
]
j
.
(D.4)
Recall that in our convention JA1
∂λχ¯α
= +i∂λ⊥iχ¯α. Compared to Eq. (3.35), the order of
gamma matrices is reversed, and the Dirac indices are flipped, while all factors of (−1)
cancel out.
For the case Fi = 1, Fj = −1 we find that the anomalous dimension γij can be
extracted from Eqs. (3.35) to (3.37) in a straightforward way by applying the rules from
above to the contributions to the loop amplitude related to direction j only, given by
the last lines in each of these equations, respectively. This can be traced back to the
“factorization” of soft loops into contributions from directions i and j, respectively, as
discussed in the main text. However, we note that the cusp part of ΓPQ(x, y) in the first
line of Eq. (2.17) is not part of the γij above, and the first line of Eq. (2.17) applies to
all N -jet operators, involving arbitrary combinations of building blocks containing both
χ and χ¯ as well as gluonic fields.
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